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ON A THEOREM CONCERNING IDENTICAL 
RELATIONS BETWEEN MATRICES 
By A. OSTROWSKI (Basle) 
[Received 23 May 1938] 
1. H. B. Purixies gave in 1919 a theorem on identical relations 
between matrices, which can be stated in the following form: 


THEOREM 1. Let A,, Ag,..., A,, be a finite number of square matrices 
of order n and let x,,..., X», bem numerical parameters. Let F(xy,...; Xm) 
be the determinant of the matrix 


a, Ayt.. +m Am: (1.1) 
Then, if B,,..., B,, are matrices of order n, commutative with each 
other and satisfying the equation 
A, B+... +A, By = 9, (1.2) 
they will also satisfy the polynomial relation 
F(B,,..., By) = 9. (1.3) 
In this theorem it is of course supposed that the polynomial 
F (x,,...,%) does not vanish identically. 
In this case Phillips’s result may be improved in the following 
form: 
THEOREM 2. Under the hypothesis of Theorem 1, let 
D(2,,..., Xm) 
be the greatest common divisor of the n? minors of order n—1 of the 
matria (1.1) and let F/® i F*(a,,...; 2m): 
Then the matrices B,,..., B,, of Theorem 1 satisfy the equation 
F*(B,,..., B,,) = 0, 


and any polynomial x(x,,...,%,) such that every set of the matrices 
, B,, of Theorem 1 satisfy the equation 


o(2,...)%_) = 0 


contains F*(a,,...,%,) a8 a factor. 
Theorem 1 is a generalization of Cayley’s famous theorem: 
Every square matrix satisfies its own fundamental equation. Similarly, 


+ ‘Functions of matrices,’ American J. of Math. 41 (1919), 267-8. 
3695.9 B 








242 A. OSTROWSKI 
Theorem 2 corresponds to Frobenius’s Theorem about the minimal 
equation of a square matrix.} 

2. My proof of the first part of Theorem 2 proceeds essentially 
upon the same lines as Phillips’s proof of his Theorem 1. 

> aed (p) 

Put A, = (a?) (v= 
and let F,,(x,,...,2,,) be the adjoint minors of the determinant 


m 


F'(x4,...;%q) = ‘ zs we (i,k 
p=1 
Then 


where as usual 
From (2.1) we obtain on dividing by ®(2,,..., 2,,) 


(2) TH /. 
an aie ) F7i(x, 


where 


are polynomials in 2},..., 2. But now the relations (2.2) are identical 
relations between polynomials, and therefore remain true if we 
replace x, x, by the matrices B,,..., B,,. Thence we have the 
relations 


df P*( B, ‘ine Pi 1 B,,) 


where ‘ik 


m 

Vo gi) 

> UH B... 
#=1 


On the other hand, if #,, is the matrix of order n with all its 
elements zero except in the ith row and kth column, we obviously 


have E,; By, = Eis E,; Ey, = 0 


ij 
n 
— (uw) . 
A ee > ay. Bix. (u 
i,k=1 
and the relation (1.2) can be written using (2. 
7 , m nu 
7 ~ iy’ Y — 
- ik > Ex. Cy, = 0. 
i,k 1 


oo 
I 


i,k 


+ ‘Ueber lineare Substitutionen und bilineare Formen’, J. fiir Math. 
(1878), 11-12. 
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Multiplying this by E,; we have by (2.5) 


2 Fu Cn = 9 (G= 1,90). (2.6) 
But now multiplying (2.6) by F7;(B,,..., B,,) and adding we get 
=> > Ey, C5, Fi; ji = > Ey, Dx ap FF B,,...; B,,); 


or, using (2.3), * 
> EF, F*(B,,..., B,,) = 9, 
K=1 
E,,; F*(B,,..., By) = 9. 
Here the first row on the left is the ith row of the matrix 
F*(B,,..., By) (2.7) 
and this holds for i = 1,..., n. Hence all elements of the matrix 
(2.7) vanish, which proves the first part of Theorem 2. 
3. In the proof of the second part of Theorem 2 it can be 
assumed without loss of generality that the matrix A, is not singular, 


that is, its determinant does not vanish. Indeed the set (1.1) of 
matrices contains non-singular matrices, and it is obviously permissible 


x ‘ 
to replace the m matrices A, by the m matrices 2 yy A, if |a,,| 4 9. 
v 


Of course in this case the functions F* and ® must be transformed 
correspondingly. 
On the other hand, if A, is not singular, the condition (1.2) for 


the matrices B, is equivalent to the condition 


a 


B, + 2 Ai A, B, saad 
p= 


Hence we can assume from the beginning that A, is the unity matrix 


E, so that A, _ E. 


Then the degree of F(aj,...,2,) in x, is exactly n. We can therefore 


oom 


assume F*(2,,...,%,,), a factor of F, in the form 
F* == 20+-f, (2-2) Bq )Ah +... +S g(Zes--+1 Lm)> 


where f,,...,f, are homogeneous polynomials in %p,...,X,. 

Since p(2j,..-,2,) can be reduced (with modulus F*) we can 
assume from the beginning that ¢% is a polynomial of degree less than 
pin x,. We shall prove that under this assumption % must vanish 


identically. 
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We now relax the conditions satisfied by (2,,...,2,,) by specializ- 

ing the matrices B,, B,,..., B,,. We put 
. 

B,=—u,H, ..., B, = —u, £, 
where Ws,...,%,, are numerical parameters. Then it follows from 
(1.2) that ; 

B, = u,A,+... +t, Am; 

and the polynomial % is subject to the condition that its degree in x, 
is less than p and that p(u, A,+...+uU,, Am, —Ue;---) —U_,) Vanishes 
for all values of tg,..., Up. 

Now for a set of values ug,..., u,, let the function f(A) = f(A; Ug,.--,Um) 
be the polynomial of the least degree in A such that the matrix 
A = U,A,+...+U,A,, satisfies the equation 

f(A) = 0. 
Then obviously f(A; ug,...,U,,) is a factor of 
(A; —Ug,..-5 —UWm)- (3.1) 
If now, for the chosen values w,..., u,,, f(A) is of degree p, the poly- 
nomial (3.1) vanishes identically in A. It is sufficient for this that 
for Ug,...,U,, the equation 
F*(A; —Up,..., —u,,) = 0 
remains the minimum equation for the matrix 
ges. ' ‘ 
A* = Uy Ay Tees TUm * 

On the other hand, by the theorem of Frobenius mentioned above, 
the minimum equation for a matrix A* is obtained by dividing the 
determinant of the matrix AH—A* by the greatest common divisor 
of the n? minors of order n—1 of this determinant. If therefore for 
the assumed set of values wg,...,u,, the greatest common divisor of 


the n? polynomials 
eo F(A; 


—WUp,..-) —Up) 
is M(A; —Uug,..., —U,), then (3.1) vanishes identically in A. But the 
last condition is equivalent to the condition that the n? polynomials 
FAA; —Ug,..-) —Um) (i, = 1,..., 2) (3.2) 

have the greatest common divisor 1 with respect to A. 

Now, since the n? polynomials F'7,(2,,...,2,,) a8 polynomials in 
X4,..., %», have the greatest common divisor 1, it is possible to find n? 
polynomials G;,(xj,...,%,,) such that 


Fgh Foy 0005 Mag) E tal May->-> Seq) = El e,... Ha), 
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where the polynomial H does not vanish identically and is inde- 
pendent of x,. From this it follows that 


3 Gi (A3 —Ug5---5 —Um) FRAAS —Ug;---) —Um) = H(—tp,...5 —Up)- 


i,k=1 
If, therefore, we choose the set w,..., u,, such that 
H(—tzg,..., —ty,) # 9, 
the greatest common divisor of the polynomials (3.2) is 1, and 
(3.1) vanishes for all values of A. Hence the product 
H(—tg,..., —Um) P(A; —Ug,..., —Um (3.3) 
vanishes for all values of the m variables A; wp,..., u,,. Thus 
(3.3) vanishes identically and, since the first factor of (3.3) does 
not vanish identically, we see that (3.1) and therefore (2,,..., 2») 
vanishes identically which proves the theorem. 











ELECTROSTATIC PROBLEMS RELATED TO A 
PERFORATED STRIP 


By A. E. H. LOVE (Ozford) 
[Received 28 June 1938] 


1. By a perforated strip is here meant the plane region bounded 
externally by two parallel straight lines, and internally by a circle 
midway between the lines. It is a doubly-connected region. If a 
functional relation could be found by which this region could be 
transformed conformally into some standard doubly-connected region, 
such as that between two concentric circles, the transformation would 
render possible the solution of some electrical and hydrodynamical 
problems of considerable interest, and would fill up a well-known gap 
in the theory of Lamé’s equation (1). Among the electrical problems 
in question the two following may be especially noted: 

(i) The Grating Problem. An infinite set of equidistant parallel 
straight lines in a plane are the axes of non-intersecting right circular 
cylinders of equal radii. All the cylinders are the surfaces of con- 
ducting bars, of infinite length, which carry equal charges per unit 
of length. It is required to find the potential at any point. 

(ii) The Condenser Problem. A conducting right circular cylinder 
of infinite length has its axis parallel to, and equidistant from, two 
infinite conducting planes. The planes are at the same potential and 
the cylinder is at a different potential. It is required to determine 
the potential at any point. 

The condenser problem may be regarded as a case of the grating 
problem, viz. the case where adjacent bars of the grating carry charges 
(per unit of length) which are numerically equal, but of opposite signs. 

If either of these problems could be solved completely, the solution 
could be used to effect the conformal transformation of the perforated 
strip into the standard doubly-connected region, and the solution of 
the other problem could be deduced. 


2. A plane transverse to the axes of the cylinders can be taken to 
be the plane of a complex variable z (= x+iy). Then the potential 
¢ is the real part of a function x of z. We write 

x= $i 


and then the curves 4% = constant are lines of force. 
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In the grating problem the axes of the cylinders are taken to meet 
the plane in the points given by 
z2=+2nic (n = 0,1....), 
c being real, and the cylinders meet the plane in the circles given by 
|jz-2nic| = a, 
where a < c. These circles are equipotentials, and the lines given by 
y=+(2n+l1)e (n= 0, 1....) 
are lines of force. The conditions are exactly the same in all the strips 
bounded by pairs of adjacent lines of this family and perforated 
by the circles. It is therefore sufficient to consider one such strip, 
e.g. that between the lines y = -+-c, perforated by the circle |z| = a. 
The problem is to be solved by determining x so that (i) 6 = constant 
on the circle |z| = a, and (ii) % = constant on each of the lines 
y = -Le, the two constant values of % being different. 














Fic. 1 


In the condenser problem the traces of the conducting planes on 
the z-plane are taken to be the lines y = +c, and the trace of the 
conducting cylinder to be the circle |z| = a. The problem is to be 
solved by determining yx so that ¢ has the same constant value on 
each of the lines y = -Lc, and a different constant value on the 
circle |z| = a. 

In Fig. 1 the circle CMC’M’ is that represented by |z| = a, and 
the lines A’BA and A’B’A are those represented respectively by 
y =c and y= —c. On account of the symmetry of the figure, if 
either the region ABCMA or the region ABCMC’B'A could be 
represented conformally upon a half-plane, the conformal trans- 
formation of the perforated strip into the standard doubly-connected 
region could be effected. 

In the grating problem points like B and B’ where the axis of y 
intersects the edges of the strip are points of equilibrium. They are 
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double points on the curves ¢ = constant which pass through them, 
and the lines 4 = constant which pass through them are composite. 
For example, ys is the same on the segment BC as it is anywhere on 
the line A’BA. The general appearance of the equipotentials and 
lines of force would be similar in many respects to those in H. Lamb’s 
drawing of the corresponding curves for a grating of flat strips (2). 

In the condenser problem the lines BC and C’ B’ are lines of force. 

H. W. Richmond gave an interesting solution of the grating pro- 
blem (3). He showed how the conformal transformation of a region 
like ABCMA in Fig. 1 to a half-plane could be effected when the 
circle CMC’M’ is replaced by a certain round curve, which differs 
very little from a circle if the ratio a/c is not too near to 1. This 
solution does not appear to admit of improvement by any method 
of successive approximation. 

R. C. Knight (4) gave a solution of the condenser problem by a 
method similar to one to be indicated presently for the grating 
problem. To complete this solution it is necessary to solve an infinite 
system of linear equations, each containing an infinite number of 
unknowns. It appears that the system can be solved approximately 
by numerical computation. This method is of great practical value, 
but it seemed to me that the labour of carrying it out could be 
diminished very much by adapting to it the process which I have 
described elsewhere (5) as ‘promotion of rank’. By this process the 
infinite system of equations is replaced by a different system, in- 
volving a different set of unknowns, which can be determined one 


by one. As the grating problem is in some respects simpler than the 
condenser problem, the solution on the lines indicated above will be 
developed for the grating problem, and the solution of the condenser 
problem will be deduced. 


3. The solution of the grating problem in the limiting case where 
a — 0 can be written down in the form (6) 

xX = —2¢, log{sinh(zz/2c)}, (3.1) 
where é, is the charge per unit length on a charged line which is at 
right angles to the plane of (x, y) and passes through the point z = 0. 
In this formula the units are such that the surface density on a 
charged conductor is the product of —(1/47) and the outward normal 
derivative of the potential at the surface of the conductor. For 
example, if lengths are measured in cm., the units can be electro- 
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static. In general they can be described as ‘units of electrostatic 
type’ to distinguish them from the ‘rational units’ of the types 
employed by Lorentz and Heaviside. 

In what follows we shall simplify the formulae of the problem in 
the general case by taking 


€@é=—}, a@=dAn, c=}. 
radius of circle 
breadth of strip’ 


With these simplifications the function log(sinh z) takes the place 
of the right-hand member of (3.1) as the x function which gives the 
solution in the limiting case when A> 0. With this form for x the 
values of % on the lines y = 47 and y = —}n are 4m and —}r 
respectively. 

If a function x is such that Ly is constant along a line, along which 
y is constant, then I(dy/dz) is zero along that line. Hence from 
log(sinhz) there can be formed by successive differentiation an 
infinite set of functions whose imaginary parts vanish on the lines 
y = +4. For the grating problem we shall need only the even 
differential coefficients. We write 


Then A is the ratio 





d*"w, 
dz2" 
Then we might seek to determine real constants A,, A,,... so that 
R(wo - > Ay, We») 
n=1 


should be constant on the circle |z| = Az. If this were done, the solu- 
tion of the grating problem would be expressed by the formula 


Pie: Wo + X Aan Wen- (3.3) 
n= 


To determine the coefficients A,, A,,... we could use the expansion 


= 2n 
log(sinh z) = log z+ - (—1)"-*8,,(2) ‘ (3.4) 
7 
n=1 


Wy) = log(sinh z), Ws, = (x = 1, 2....). (3.2) 


in which S,,, = > (p-®"), and the expansion 
p=1 


2n—1)! &,.. 
Wogy = — OME + (—1ynt2(2n— 1)! + 


. vaio (28+2n—1)! 2 
+ > (<a (2s)! Son +26 an yBe" 
s=1 
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On introducing polar coordinates 7, 6 such that x = r cos 6, y = rsin@, 
and picking out the coefficient of cos 2s6 from the right-hand member 
of (3.3), it would be found that the solution could be completed by 
solving for the A,,, the system of equations 


2n 


oO 


(2s—1)! eta (28+2n—1)! , As 
— A,,+- — ])"+s-12 Soon s00—<- Aen 4 
(Ar)* “ >, | ) (2s)! athe a il 


+(—1):-1 L209 =0® f= £2.) ee 


2s 
s 


The constant value of ¢ on |z| = Aw would then be 


log(Ar)-+ } (—1)"-22(2n—1)! Sy, 7-2" Ayn 
n=1 
The above would constitute the adaptation of the method of Knight 
(4) to the grating problem. For the condenser problem the function 
log(tanh $z) would take the place of log(sinh z). 
4. Before proceeding to adapt the idea of ‘promotion of rank’ we 
modify the functions wp, w,, a little by the use of multipliers and 
added terms, thus writing 


/ 
Wy = Wy—log(Az), 


: r 2n 
Wn = ( 7) 1)! Ww. oat (iene 1)*-42,6.,.. 
2n— 1)! 


Then on the circle r = Aw we have trigonometric expansions for 
Rw, and Rw,,, in the forms 


x wo 
Rw, = > doo. cos 288, RWn = > Aon, COS 288, (4.3) 
s=1 s=1 


where 
Qo.o, = (—1)*-1s—1A*8,,,, (4.4) 


on+2s—1 
n + s )pe : a Los (4.5) 
2s _— 


Aen .5 = (—1)" 13 


Lon2on = — io ‘PRS (4.6) 


As these expansions begin with terms in cos 26 we may describe the 
functions wy and w,,, as being ‘of rank 2’. 

The process of promotion of rank consists in replacing the functions 
W4, Ws,... by functions x4, x¢,... of ranks equal to their suffixes, that 
is to say such that the trigonometric expansions of their real parts 
on the circle begin with terms in cos 40, cos 66,.... For the sake of 
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completeness we shall write x) and x, in place of w, and w,. We form 


by th i ; 
Ne ee Xa = Us— W122 X2> (4.7) 


where q4> is a constant, adjusted so that the expansion of Rx, on 
the circle may contain no term in cos 26. This condition gives 
Ay2—J42%2 = 9, (4.8) 


so that it determines g,,. We write the expansion of Rx, on the circle 
Ry, = > b4 2, cos 288, (4.9) 
s=2 


where, for s > 2, Da og = 4425—G4,2 5,95, (4.10) 
and, again for the sake of completeness, b, ,, is written for ay 9,. 

In like manner xg, xg,-.. can be formed successively. In general, 
we write , mel 
Xen = Ven— 2 2n.2 X2p> (4.11) 

p= 


and write the expansion of Rx,,, on the circle as 
Ryxon = > ben, 2¢ 008 280. (4.12) 
s=n 


The coefficients q5,, 5, are determined by the set of n—1 equations 
on2—Jon,2 52.2 = 9 


Gen,a— Von,2 bo s—Gon,a Oa = 9 
(4.13) 


n—-1 
Aen 2n-2— 2 Yen bo» on-2 = 0 
p= 


and the coefficients b,, 5,, for s > n, are given by 


m—1 
Don os = Gonos 2 Yan.ap Ban 2° (4.14) 


5. The solution of the grating problem can now be written down 


in the form = 
_ Xot+ > Bon Xen = 0, (5.1) 
oe 


where the coefficients B are determined successively by the equations 
Ay2+ By b2. = 0 
Ao4+ Bz b.4+ Buby, = 0 


n 
Goon 2 Be» Denon = 0 
’ p= 
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6. The function expressed by the right-hand member of (5.1), 
where the coefficients B,,, are determined by (5.2) will be denoted by 
F(z,A). It has the properties: 

(i) RF(z,A) = 0 on the circle |z| = Az, 

(ii) LF(z,A) = +42 on the lines Iz = +31. 

It is made up from the functions wp, w.,..., which are independent 
of A, numbers, such as S,, S,,..., which also are independent of A, and 
constants, such as q,, and B,, which depend upon A. 


The functions w,,, (n = 1, 2,...) are polynomials in s-?, where 
8s = sinhz. (6.1) 


They are formed successively by the use of the rule 


d? d? d\? 
Se Nee tN 2 
dz? — ds? ° (*7;] ; (6.2) 


which can be proved easily. 
It is found that 


; : 
Ws = oe 

Ws —(3(5, +5 3) 

w= ONG ++ aa 

“a= at tig os . ra atin 3) 





taoitis ator avtiogat aes tigi a 


1.71 281 161,21. 2 1 22) 
Wy = —131)(5, te a al 


In general, if these polynomials are written 


Won = —{(2n—1)}}(A n,o8 “+ ¥. An —— *»), (6.4) 
Ang = 1, Anna = 2"-*/(2n—1)!, and Prat rule (6.2) gives 
2n(2n+1)Anity = (2n—2p)(2n—2p+1)A, y+(2n—2p+2)?A, y-1. 
(6.5) 


The numbers S,, S,,... have been tabulated by Glaisher (7). 
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With any value of A, not too near to }, as many of the coefficients 
such as q,, and B, as may be needed can be computed without much 
difficulty. 

7. The relation x= F(z.) (7.1) 
effects a conformal representation of the indented half-strip 
ABCMC' B’A in the plane of z, shown in Fig. 2a, upon the half-strip 
in the plane of x, bounded by the lines 

b=in,$>0; $=0,)e>$>—-kn; p=—heg>0. 
This boundary is shown in Fig. 26, where the same letters as in 
Fig. 2a are used to indicate corresponding points. 


B 











B’ 
Fic. 2a Fic. 26 


The x region can be represented conformally on the half-plane 


It > 0 in the plane of an auxiliary complex variable ¢ by the relation 
t = isinh x. (7.2) 

This has been adjusted so that ¢ is infinite at A; t= —1 at C; 

t= 0 at M; t= 1 at C’. The values of ¢ at B and B’ are respec- 

tively —cosh8 and coshf, where f is the value of RF(z,A) at 

z = +407. This f is the value of the potential in the grating problem 

at the points of equilibrium such as B and B’. 

In future we shall write 1/k for cosh f. 


The relation t = isinh{ F(z, A)} (7.3) 


effects a conformal representation of the indented half-strip 
ABCMC'B’A of Fig. 2a upon the half-plane It > 0 in such a way 
that, while ¢ > 00 at A, its values at B, C, C’, B’ are —1/k, —1, 1, 1/k. 


8. For the condenser problem it is convenient to write 
W( = U+iV) = ix( = —p+id), (8.1) 


so that V is the potential. To solve the problem it is necessary to 
determine W, as a function of z, so that, in Fig. 2a, V may have a 








254 A. E. H. LOVE 


constant value, which can be taken to be 0, on the semicircle C’ MC, 
and may have a constant value, which can be taken to be K’, on each 
of the lines AB, B’A, while U has a constant value, which can be 
taken to be —K, on the line BC, and has a constant value, which can 
be taken to be K, on the line C’ B’. The solution is expressed by the 
relation which effects a conformal transformation of a rectangle in 
the W-plane into the indented half-strip in the z-plane. In Fig. 3, 
points on the rectangular boundary that correspond to points on the 
boundary of the indented half-strip are indicated by the same letters 


as in Fig. 2a. 





V=0 











f= 
Fic. 3 
The W-region is represented conformally on the half-plane It > 0, 
with the desired correspondence of particular points, by the relation 
¢=an W, (8.2) 


provided that the periods 4K and 2:K’ of the Jacobian elliptic 
function answer to a modulus k equal to sech f. 


Hence the relation 
sn W = tsinh{ F(z, A)}, (8.3) 
in which the modulus of the elliptic function is sech 8, where f is 
the value of RF(z,A) at z = +47, gives the solution of the con- 
denser problem. 

The potentials on the conducting surfaces have been chosen to 
be 0 on the cylinder and K’ on the planes. The values of U on the 
lines BC and C’ B’ have been taken to be —K and K. In both it is 
only the difference, not the actual value, which has any physical 
significance. To give an account of the meaning of the difference 
between the two values of U we write ds for an element of arc of the 
semicircle C’MC, measured from C’ towards C, and dy for an 
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element of the normal to this curve, drawn into the z-region. The 
charge per unit length on the cylinder is 
1 eV 

~ 4 é 
where the integral is taken along the curve from C’ to C. Now 

aves UD 

t et iy 
and therefore this charge is —K/z. When the potential on the 
cylinder is less than that on the planes by K’, the charge per unit of 
length on the cylinder is —K/z. It follows that the capacity per 
unit of length (C) of the condenser is given by 

C = K/(rK’), (8.4) 
where the modulus & is sechf, and f is the value of RF(z,A) at 
z= +h. 

By means of the formula (8.4) I computed the values of C answer- 
ing to values of A from 0-05 to 0-45 at intervals of 0-05. For the 
smaller values of A it was found to be appropriate to use the known 
results (8) 


2 


> 


aK’ = K log(1/q), q = e+ 25+ 15e°+..., 
2e = (1—vk’)/(1+- vk’), 
where k’ is the complementary modulus, equal to tanhf when k is 
sech 8. For the larger values of A, when k’ becomes rather small, it 
was found to be more convenient to use the approximate formula 
- = 2 (lose —): 
aK’ 7 - 4 


These capacities, with the exception of that for A = 0-45, were 
computed also by Knight (4). He used rational units, and expressed 
his capacities as values of 27D), where D, is a coefficient which he 
evaluated. The corresponding capacities in electrostatic units would 
be the values of $D. 

The following table gives the values of C, computed by me, and 
the values of D,, computed by Knight: 


TABLE 


| 005 | O21 | O15 | OF | O25 | O8 0:35 | 04 | 0-45 | 


C  0:19653 | 0-27014 | 0-34606 0-43264 | 0-53805 0-67492 | 0-86841 | 1-1828 | 1-870 


D, 0-3931 | 0-5403 | 0-6921 | 0-8653 | 1-0761 | 1-3498 | 1-7369 | 2-3656 | 
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9. It is natural to seek to extend the analysis of § 4 above to the 
case of a grating placed in a uniform field, parallel to the axis of z, 
or at right angles to the plane that passes through the axes of the 
bars, with a view to throwing further light on the theory of thermionic 
tubes (9). As, however, the approximation cannot be a good one unless 
the distance between the axes of adjacent bars of the grating is small 
compared with the distance between the (plane) anode and cathode 
conductors, it seems to be unnecessary to enter into much detail. 

We may take the potential due to the uniform field in the absence 
of the grating to be 2/Az, so that its value on the circle r = Az is 
simply cos @. We have to find y so that, on this circle, Ry-+-cos@ = 0, 
and so that, on the lines y = +41, Iy = 0. 

For this we introduce, the infinite set of functions w,,,., given by 


2n+1,,, 
‘i _d Hw 
2n+1 dz2"+1 


% = 0; %....). (9.1) 


From (3.5) we have, on writing m--1 for s, the expansion, valid near 
the circle |z| = Az, 


9m)! a . |_¢ & ' 2 1 
ae, (2n)! : » (—1)n+mg (2 + 2n- 1) g2m+ 2) 


Wens. = a ~ Son +0044 —, (9. 
2n+1 g2nti | (2m-+- 1)! Ment+2m +2 2n+2m+2 ( 
m=0 
Then we modify this set by means of multipliers, writing 
(Azr)?”*+ 1 


Wn — ( 2n) ! 


Wen+1s (9.3) 


with the expansion, valid near the circle, 


oe 


2n+1 ¢ 9 +19 ee 
"i = An ae __]}\m+n9 =m an 1 Y 2n+1 @ 2m+1 
u 1 S 
2nt+l ! = 9 2n+2m+2 ° 
Zz 2m+1 7 
m=0 
(9.4) 


For the process of promotion of rank we replace the functions w,,, ,.;, 
which are all of rank 1, by a set of functions x,,,,,, of ranks equal to 
their suffixes, the particular function y, being the same as w;. To 
obtain these functions we write the trigonometric expansion of Rw,,, ., 
on the circle r = Az as 
Resa: = , cos(2m-+-1)8, 


2n+1,2m-+ 
where 


— ({__])\m+n9 
Gon+1,2m+1 ( 1) bs >( 


(m ~n) 


2n+2m-+1 gy 2n+2m+2 
Pen+2m+ Aen 
2m+1 


4n+1 . (9.6) 


Gon+1,2n+1 = 1+ 


4n+2 
Janse 





ON CERTAIN ELECTROSTATIC PROBLEMS 
Then we form x3, for example, by the rule 
X3 = W3—43,1 Xv (9.7) 


adjusting g,, so that the expansion of Rx; on the circle shall have no 
term in cos@. This condition gives 


M31 — 31% = 9. (9.8) 


We write the expansion of Rx, on the circle in the form 


where, for m > 1, 
(9.10) 


bs om+1 “= 43 om+1— 73,1 Dy ems» 


Ds om+1 being written for 4, 941. 
In like manner, in general, we write 
n—1 
au ¢ mA 
Xenti = “2n+1— 2 Yensi20+1 X2p+1 
= 


determine the g’s by the conditions 
4on41,1 Fanta 11 = 9 


Fon +1,3— Von+1,1 bi 3—Qon+1,3 bs, = 0 


n—1 
on41,2n-1— jfentiep+t bon +1,2n-1 = 0 
p= 


and write the expansion of Rx»,,,, on the circle as 


RYon+1 it ») bon+1,2m+1 cos(2m-+-1)8, (9.13) 


where, for m > n, 
n—1 


(9.14) 


bon+1,2m+1 = Gon+1,2m4+1— 2 densu2p41 ben +1,2m+1° 
oe 


The solution of the problem of the grating in the uniform field is 
then of the form re 
Xx = 2 Bons X2n+b (9.15) 


where the constants B are given by the equations 
1+ B,b,, = 0 
B, by 3+ Bs bs. = @ 
Bb, 5+ Bsb3,+ B65; = 0 


and so they can be found successively. 
3695.9 s 
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ON MINKOWSKI’S THEORY OF REDUCTION OF 
POSITIVE DEFINITE QUADRATIC FORMS 


By K. MAHLER (Manchester) 
[Received 8 June 1938] 


MINKOWSKI* called a positive definite quadratic form in n variables 

n 

F(x) = DB ayy %% 
h,k=1 
reduced, if, for h = 1, 2,..., n and for all systems of n integers 2,..., X,, 
F(x) > ayy, 
when the greatest common divisor 
g.0.0. (tq, Ma45,---»%_) = I, 

and if certain n—1 other unimportant inequalities were satisfied. 
He proved that, for reduced forms of discriminant D, 


A, 11 U9 ++» Ann < D, 
where A,, > 0 depends only on n. L. Bieberbach and I. Schurf showed 
that An > 48. )i(n®—n) 


125 
and R. Remak{ in a recent paper improved this to 


An > yn(s)h —3Xn—4) 


where y,, is Hermite’s constant, for which D > y,,a%.,,.§ 

As Remak’s proof is rather long, I give here a very short and 
simple proof (which I had obtained before the paper of Remak 
appeared) for the slightly weaker inequality (since § < #) 

rca} 

((1+4n)}?" 

My proof is valid for the reduction of arbitrary convex bodies; it 
employs Minkowski’s theorem on the successive minima of a convex 
body.|| 

* Gesammelte Abhandlungen, Bd. 2, 53-100. 

+ Sitzungsber. Preussische Akad. Wiss., phys.-math. Kl. (1928), 510-35. 

t Compositio Math. 5 (1938), 368-91. 

§ See J. F. Koksma, ‘Diophantische Approximationen’, Erg. d. Math. IV 4, 


Kap. II, § 6. The best known result for large n is 
nm 


An > 2-2n(g) in —1Xn—2) 


rae 
Yn = 9uP(2+-4n)?” 
due to Blichfeldt. 
|| Geometrie der Zahlen, 218. 
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1. Let f(x) = f(a,...,2,,) be a real function ot n real variables 
X4,..-, X, (n > 2) with the following properties: 


— x 
- > 


(iti) f(q+" ; , Yn)- 

Then, for ¢ > 0, the inequality f(x) < ¢ defines a convex body K(t) 
in n dimensions, of volume J(t) = Jt", where J denotes the volume 
of the body K(1), say K. 

For every ¢ > 0, since K(t) contains only a finite number of lattice 
points, it is possible to apply Minkowski’s method of reduction* to the 
function f(x). Let M, (hk = 1,...,n) be the set of all lattice points 
Ly ijy---y%, are rela- 


v,) whose last m—h-+1 coordinates x, 4 


* 
tively prime, and let 
a, =f 
where $,,. is Kronecker’s symbol: 
&,=1, but 6,,=O0forhkh~k (h,k = 1,2....,2). 
DeFrinition. The function f(x) and the corresponding convex body K 
are called ‘reduced’, if for each h n and for all lattice points 


(x) in M,, f(x) > a. 


As in Minkowski’s paper, it is easily proved that f(x) can be 
reduced by applying a suitable unimodular linear transformation 


n 
Zp > 2% es = 1,3,.48) 


with integer coefficients. 


2. THEOREM. For reduced functions f(x) 
27 (3) 1(n—2) 
@; Be...8, < oe 
Proof. Minkowskit proved that there are n independent lattice 
oints = 
I (py) —— (Puas-++> Pan) (h ae 1, 2,.2+5 2) 
such that, if 


Si, = f(Pn) = F(Pras--+> Pan) 


then 


* CGesammelte Abhandlungen, Bd. 2, 53-100. 
+ Geometrie der Zahlen, 218. 
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and f(z) > 8), 
for all lattice points (x) which are linearly independent of (p,), 
(P2),--+> (Pra). 
Obviously, (p,) belongs to M,; hence 
a <4. (1) 
(More exactly a, = S,, but we do not need this.) 
Suppose that we have already obtained m—1 positive absolute 


constants 
Yi> Yao-+-> Ym-v 


such that a, <8, (h = 1,2,...,m—1). (2) 
By (1) in particular "= 1, 
and we now find a similar constant y,, for which 
Om < ¥mSm- (3) 

The m lattice points (p,),..., (p,,) are independent. Hence at least 
one of them, say (p;) = (pj,---; Pim) (@ = 1 or 2 or...or m), has its last 
n—m-+-1 coordinates Pn, Pjm+1s-++> Pin not all zero. Therefore the 
greatest common divisor 

g.c.d. (Pim: Pim+i » Pin) — d,, # 0. 


“If d,, = 1, then (p,) belongs to M,,, and therefore a,, < 8S; 


m ” 


m SS8n- (4) 


> 2. Then we can find m—1 integers 


1.€, a 


Suppose, however, that d,, 


J1> Jose+> Im—1, Such that 
Pin tn = © (mod d,,,) and 9p | < dd,,, (h = 8 2,...,mM— 1). 


Hence, writing the left-hand side in vector form, 


m—1 
Pat" Pi.m- 1t+9m-1 Pim Pin a If J 
( d a d F d vi d ) 4 dy, (2, nian 


m m m m 


is a lattice point of the set M@,,. Therefore, from (ii) and (iii), since 


m* 
>9 
d, >2 


1 ("< ' 1" ) 
re | S\<- S,+8.\, 
An = d», \ 2, Dn |, + } 9 | pa Vh at " 
S 


mm 


VrtVet--+Y¥m-a1t | 
9 


An < 


Put Yun = max 


VitVet + T¥m-1t ‘ 
2 ° 


Then, from (4), (5), we see that (3) is satisfied. 
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Now 


1+1+1 
Pe . I 3 
Y3 = max(I, 7 ‘, 


vy 
/ 


1+1 
y= 1, = max, > = 1, 


Suppose, then, that 


Then 


vy 
7m 


2 1 /3\1_1.(3)\2_) 
max I, (3) + 


and so (6) holds for h = m. 
On multiplying the inequalities 
Sa - (3)h-29 
a,<S, and a, < (3)"-S, 
we have 
27 (3 )kn 1X(n—2) 


¢ (g)i+2+..Hn-2g’ S, ... = 7 : 


Ay... 


n 
as was to be proved. 
Suppose in particular that 


(f(x) 2 = F(x) I p3 nk vy vy, 
tke 


is a reduced positive definite quadratic form of determinant D. Then 
_ ry 
P(1+4n) vD 
is the volume of the convex body f(x) < 1, and so by our theorem 
f Cr 


— 92n(3\(n—1)(n—-2) ' 
Ay Ug9 +++ Any LJ 2°"(3) 


ie 2 : 9 ” 
a, =a, (h = 1, 2,..., 0). 





AN INTEGRAL EQUATION 
By J. L. B. COOPER (Oxford) 
[Received 16 June 1938] 


1. The set of linear equations in an infinite number of unknowns 
i. . 
> 6.Zarm = 9 (me = 1, 2....) 
n=1 


has been investigated by Titchmarsh.* The investigation of the 
integral equation which is its analogue 


f k(y—z)fly) dy = 0 (A) 


was suggested to me by him and forms the subject of this paper. 
The obvious solutions of this equation are exponentials. If 


K(w) = — ; | Hoe dt 
v(27) : 


vanishes for w = a, then f(y) = e'™ is a solution of (A). If w = ais 
an n-fold zero, f(y) = P(y)e'® is a solution if P(y) is any polynomial 
of degree (n—1). 

I shall first show that, if k(t) and f(t) satisfy certain conditions 
of size at infinity, all solutions are of this type. This is proved by the 
use of complex Fourier transforms.t A theorem of Wiener is then 
used to prove a result for different order conditions on the functions. 
In the last section certain analogues of Titchmarsh’s results for 
linear equations are proved; the case where k(t) is monotonically 
decreasing is discussed, and only ordinary real-variable methods are 
used. 

2. THeoreM 1. Jf e“k(t), e-f(t) are L?(0,00), for some a > b > 0, 
and e“f(t) is L?(—o0, 0), for some real c, then, if (A) is satisfied, 
fy) = X Rye, 
where « is an n-fold zero of K(w), R(y) is any polynomial of degree 
(n—1), and the sum is taken over all zeros of K(w) such that 
—c< I(a) <b. 

* Proc. Cambridge Phil. Soc. 22 (3) 1924, 282-6. 

+ Cf. Titchmarsh, Theory of Fourier Integrals, § 11.2. The methods there 
used would require severer restrictions on f(t) as t—> —00 than are needed in 
Theorem 1. 
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Write 


| k(t)f(t+a) dt, q(x) = | ke(t-+-x) f(t) dt.’ 
0 0 


Then 


= ebe = +w)f(t+-x) dt 
0 


0 0 


1 
2 


= o0(e"), as x00. 


Similarly, as x > 00, q(x) = o(e-**). 

Again A 

p(—x) = | k(t)f(t—zx) dt 
0 


=e [ ertk(t)e-"'-f(t_x) dt (a <v <b) 
0 


= 9) 


. (| ferk(t ye ar)* (J fe- “lf(t)} year) 


0 


0 71 
_ Ofe-n+| | fe-“f(t)}? ar|*) 


—Z£ 


0 . 
e~ “(| [ é a(c+ Mf ectf(t)}? at| ' 


O(e°*), as 


Define - 


F.(w) = is f f(x)ei dx, ) = f(aje** dx, 
and, similarly, poe Q.(w), Pw), where w is the complex variable 
uti. 

Because of the order results on the functions involved, 
F,(w) and P,(w) are analytic for v > 
F_(w) and P_(w) are analytic for v << —c, 
Q@.(w) and K(w) are analytic for v > —a. 
In what follows, all the integrals are absolutely convergent for the 
values of v chosen, and so the inversions of the orders of integration 
are justified. 








AN INTEGRAL EQUATION 
Ifv <a, , S 
V(2)Q,(—w) = J e-tus dar J fit—ax)k(t) dt 
~f k(t)e-™* dt i eff (x)da. 
Ifb<v <a, As 
V(2m)P,(w) = | ele dx | k(t) f(t+-x) dt 
0 


0 
a) 


= | e~th(t) dt | eto F(t+-ax) da 
0 


0 


o 


= —iwt}e(t) r iwr dx— 
Je (t) ee f(a) da 


— femtey t) dt f emmy) a 


= 2nK(—w)F,(w)—(2n)Q,(—w), 
in view of the result on Q,(—w) just proved. Hence 
(27) K(—w)F,.(w)—P,(w) = Q,(—w) (a>v>b), 
and similarly, 
V (27) K(—w)F_(w)—P(w) = —Q,(—w) (v < —e). 
If (A) is satisfied, p(a2) = 0 for all 2, and so 


a 1 Q.(—w) a 
F,(w) al (27) K(—w) (a ~ 2 b), 


— 1 Q.(—w) ,, 
F(w) = — Jax Kee (v < —c). 
It follows that F,(w) and F_(w) are analytic for v < a and regular 
save for poles at the zeros of K(—w), and that 
F.(w)+F_(w) = 0. 
Let v,, v, be such that a < v, <b, v, < —c, and K(—w) has no 
zeros for v = v, or v,. Then 
iv, +A iv.+A 
lim | | F(w)e-**" dw + F_(w)e-**” au 


v( 277) A> 


« 


iv,—A iv,—A 
Since F,(w), F_(w) tend to zero as u > --00, we can use the calculus 
of residues to evaluate these integrals: and so we see that f(x) is equal 
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to the sum of the residues at the poles of F,(w). This gives the 
theorem. 

3. Methods different to those used above are required to deal with 
the equation when the difference between the orders of k(t) and f(¢) 
is not as large as we have assumed. Bochner* has treated a similar 
equation by means of his generalized Fourier integrals, and his results 
can be applied with very little modification to our equation to prove 
that, if, as t-> +00, k(t) is O(t-") and f(t) is O(t"-*), and if K(w) has 
only a finite number of real zeros, then f(é) is is sum of exponentials. 
The following two theorems seem worth mentioning here, both 
because of their symmetry and because the second imposes even 
weaker conditions on k(t) and f(t) than are needed by Bochner. We 
state them for an equation more general than (A) and including (A). 


THEOREM 2. If k(t) is L(—oo, «), then a necessary condition that the 
equation m 
[ k(a—y)fly) dy = g(x) 
have a solution for every g(x) of L(—oo,«@) is that K(w) have no real 
zeros. 


If K(w) has no real zeros, then for every « of L(—, 00) we can 


g(x) 
find a sequence of functions f,,(y) of L(—0, 0), such that, if 


 k(x—y)f,(y) dy = g,(x); 


then lim [ lg(y)—g,,(y)| dy = 0 


The first part is trivial, for, if 


28) 


[ ke—y)fy) dy = g(x), 
—x 
then (27) K(w)F(w) = G(w) 
for all real w, and hence the equation can have no solution for those 
functions g(x) whose transforms do not have the same zeros as 
K(w). 
The second part is contained in Theorem 8 of Wiener’s The Fourier 


Integral. 
* Vorlesungen tiber Fouriersche Integrale, § 34. 
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THEOREM 3. If k(y) is L(—00,00) and K(w) has no real zeros, there 
is no bounded solution of 


[ ky—ax)fy) dy = 0 


other than f(y) = 0. 

Suppose that f(y) is a bounded solution of the equation, and let 
g(x) be any function of L(—0o,00). Let f(y) be a sequence of func- 
tions satisfying the conditions of the last theorem. Then 


| fanty) dy = [ fy) dy i k(y—a)f,(a) de 


— 2 


eo 


ie 


inversion being justified by absolute convergence. Now 


8 x 


| fy y)g(y) dy| S ftw ony) dy} +} | feoy—guy)} ay| 


a» — a 


rae [ SY'9Y)—9, 4 


2) 


< max|f(y)| | ig(y)—g9,(y)| dy 


—@ 


>0O as n>. 
Hence ( Sy)gly) dy = 9. 


This is true for every g(y) of L(—oo, 00), and so 


fly) = 9. 

4. The theorems of this section are concerned with the behaviour 
of f(y) as yoo on the assumption that /(2) is non-increasing and 
positive. They differ from those above in that for their proof it is 
not necessary to assume that (A) is satisfied for all x; it is sufficient 
for it to be satisfied for all x after a certain value. 

THreoreM 4. If k(t) is a non-increasing function of t, and k(t) > 0 
for all t > 0, then (A) has no solution f(t), not identically zero, such 
that f(t) > 0 as to. 
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Let f(t) be a solution of (A). Then, for any two positive numbers 


%, Vo, @ 


Rin { k(y—a,)fly) dy — | k(y—2) f(y) dy 


2) 


= [hye fw) dy — | fey —22)—Ky—a)} dy, 


and so 
Lo) 


| Ky—a)fy) dy = | {k(y—2_)—k(y—a)} f(y) dy. (1) 


Now we prove that, if x, is in the Lebesgue set of f(y), then, as 


XL > Xe, : 


[ ky—x)fly) dy = (x —x,[k(0)fle,) +0 (1)], (2) 


zy 


where we write k(0) for k(0+-). 


| [ko—n fw) dy — (X_—2,)k(0) f(x.) 


x, 


| 
< | [fydk(y—ay)— flea) k(ey—ay)| dy + 
7 + (ay—2"4)|f(@ty) | |ke(2¢»—22,) —k(0) |. 


The second term is certainly o(z,—2,). As for the first, 
oJ 2 1 


[ enky—x,)—Sle)k(@—2r)| dy 


a 


[ hye) —Fle.)}| dy 


ry, 
Tr, 


+ | \f(xs)||kK(y—2,)—k(y—2)| dy 


k(0) [ S(y)—f(x.)| dy +0(x%,—x,) = 0(x,—2,), 


since 2, is in the Lebesgue set of f(y). 
We next define u(x) to be the essential upper bound of |f(y)| for 
- a. By definition of u(x) the set of points y > x such that 
Sy)| > pplz) 
is of positive measure if p < 1, of zero measure if p > 1. If p < 1, 
any such set will contain points of the Lebesgue set of f(y). 
Now take x, > x to be a point in the Lebesgue set of f(x) such that 


HX), |f(%2)| > py(x), (3) 
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where p is a number between % and 1 which will be specified later. 
From (1) 








x 
< ples) [ (k(y—%2)—Ky—a)} dy + 


+m(X) [ {k(y—%2)—Ky—2y)} dy, 
x 
for any X > a,. Again 


@ 


x T 
thy—2.)—ky—2,)} dy = lim | {h(y—2,)—k(y—ay)} dy 
x 











x 
xX-2 
= | k(t) dt —k(co)(22—2,), 
so o-% 
| Ze (~~ xX-Z 
[ky—ayfy) dy) <wle,){ [ ku) dy— fk) dy} + 
FS 0 xa, X-2Z 
+u(X){_ f ky) dy —K(co(e,—x)}. 


X-2Z, 
If f(z) > 0, p(X)—+> 0 as X +00, and so we can find X such that 
p(X) < 4u(x). Then p(X) < $y(x,) by (3); and 


Ce tty X—% 
i k(y—x,)fy) dy) < wley| | kody —s [ by) ay) 
Fo 0 


X-z, 
< p(wq)(X_—2X){k(C ))—3k (X)}, 





and so, from (2), 
(2ry—2,){K(O) |fleeg)| +0 (1)} < pala) (aep—ary ){(0) —3R(X)} 
and, making x, > x,, we see that 
k(0) | f(%2)| < {k(0)—$h(X)} u(x). 
We have |f(x.)| > pu(x), and so, if 
p > {k(0)—3k(X)}/k(0) 

H(%2) > w(x), 
and this is a contradiction. So the result follows by reductio ad 
absurdum. 


TueoreM 5.* If k(t) is non-increasing and positive in (0,00), there 
@ 


is no solution of (A) not equivalent to zero such that the integral J Sly) dy 
exists. 


* This theorem and the first of the proofs are due to Professor Titchmarsh. 
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If there is such a solution, put 


f(z) = — 


x 


' fly) dy, 





so that f(x) > 0 as x00. Then 


| ky—a)fly) dy = —k(0)filx)— | ily) ak(y—x). 


Fo 


Write p(a,b) = max |f, (x) 


asxrchb 
and suppose x is a point such that |f,(x)| > |f,(w)| for all w > 2. 


Since f(x) > 0, and since it is continuous, either such points exist or 
f(x) is everywhere zero. Then 


k(0)|fy(e)| - ine Tite x)—plw+é, 0) [ dk(y—2) 
z at+€ 
(a, -+€)[k(0)—k(2)] + m(e-+€, o0)[(€)— k(00)] 
ee Yule, a+-€)—pl(a+€, 00)] 
fy(e) (0) —K(E)L falar) —wle+€, 20)]. 
Hence \fi(x)| < p(x+€, 00), 
which is contrary to the definition of x. This shows that no point 
such as x exists, and therefore f(x) = 0. 


Alternative proof. 


The integral | k(t) f(t+-x) dt converges uniformly in 2, for 
0 


ee | 
| k(t) f(t+-2) wd k(T')| fit ta) dt}, 


la F! | 


which tends to zero uniformly in x as 7' > o, since | f(t) dt exists. 
Hence, if 2, x, are any positive numbers, 
[ de [ew f(t+a) dt = (at | fe ) dx. 
2, 0 0 a 
The left-hand side is zero, and so, since 
» 2) 
f(t+2) dt fy(%,+1), 


ry 
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we get k(t) fuler,+t) dt = [MO (e.+0) dt, 
0 


for all positive x,, 2». 
The proof of Theorem 4 applies unaltered if the right-hand side 
of equation (A) is any constant, and so 


[ k(t)f(a+-t) dt = constant 
) 
cannot have any solution save f(x) = 0. Since f,(x) satisfies this 
equation and f,(x) > 0, 
fi(x) = 0 for all x. 
CoroLuary. Jf lim k(t) = 1 > 0, (A) has no non-zero solution. 
t-a 


ive) 


For, if f(t) is a solution, { k(t)f(t) dt exists, and so 
0 


k(t)f()dt (X <&<Y) 


>0 as X,Y>o, 


a 


and so | f(y) dy also exists. 

5. These theorems are false without the assumption that k(¢) is 
non-increasing. For example, suppose {a,,} is a sequence of numbers 
such that 

Agn/Aonyy = e-% (y > 9), Ansa = Oa, (8< 1), 
for all values of n > 0. 

Then, if k(t) =a, (n<t<n+l), 

it is easily seen that for any integral m 
Sy) = e-lyt+2mrily 
is a solution of (A) which tends to zero as y > ©. 

If k(t) is non-increasing, solutions which are bounded can exist. 
For example, let {a,} be any non-increasing sequence of positive 
numbers tending to zero, and let 

k(t) = a,, (n<t< n+l). 
Then any function of period 1, whose integral over a period is zero, 
is a solution of (A). 

















] 
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It may be added that, if k(t) is a non-increasing function and (A) 
has periodic solutions, k(t) is a step-function of the type just exempli- 
fied. To prove this, we shall note the following lemma: 

If k(t) is a positive non-increasing function and 

[ k(t)sin 2nt dt = 0, 
0 
then k(t) is constant in each of the intervals n << t < (n+1). 


o o etl 
k(t)sin 2xt dt = > | k(t)sin 2nt dt 
. n=0 
0 n 
o i 
=> k(t-+-n)sin 2xt dt 
° 0 
wo # 
— {k(t+-n)—k(t-+-n-+ 4)}sin 2zt dt. 
0 . 
0 


Now k(t-+-n) > k(t+n-+4) for all ¢ and all n, and sint > 0 for all 
t in (0,7). Hence, if k(t+n) ~ k(t+-n+4) for some » and some ¢ in 
(0,4), the integrand is positive over a set of positive measure and 
so the integral must be positive. It is easily seen that, if @ is any real 
x 
number, k(t) is non-increasing and positive, and | k(t)e' dt is zero, 
0 
then k(t) is constant in each of the intervals (2nz/a, 2(n+1)z/a). 
THEOREM 6. Jf k(t) is non-increasing and positive, and the equation 
(A) has a solution which is of period a and integrable over a period, k(t) vs 
constant in each of the intervals 2na < t < 2(n+-1)a. 
We may suppose a= 27. We make use of the following 
theorem.* 
If f(x) is integrable and of period 27, k(t) is of bounded variation over 
27 
(0, 00) and tends to zero as t-> «0, and | f(x) dx = 0, then 


0 


. 





[ kif) dt = ¥ c, [ k(tet dt, 
0 — 
ee 
where C. = [ se)e inz dy, 
27 J 
0 


* Hardy, Messenger of Math. 51 (1922), 186-92. Cf. Zygmund, Trigono- 


metrical Series, 92. 
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We have already shown that k(t) must tend to zero for a solution 

of (A) to exist. To apply the theorem it remains to show that c, = 0. 
According to the alternative proof of Theorem 5 


fk dt f f(t+x) dx = 0, 
5 j 


and so Co f k(t) dt = 
0 


Since the integral is not zero, c) = 0. We can now apply the above 
theorem with f(t+-2) in place of f(t). Here 


27 
1 p : 
= = fee: & = c,¢*, 
0 


and so 


k(t) f(t+-x) d => c, em | k(t)e’™ dt 


l< 
os = K nz 
(an) > (n)c,, e 


= 0 forall z. 


Hence c,, K(n) = 0 for all n, since the series is convergent for all x. 
Therefore K(n) = 0, for any value of n for which c,, ~ 0, and so k(t) | 
is constant in each of the intervals of length |27/n| starting at the 
origin, k(t) will be constant in steps of length 277, where 1/y is the 
(positive) highest common factor of the values of for which c, + 0. 
But 277 must be the period of f(t); and so k(t) is constant in steps 
of length 27. 

In conclusion, I wish to express my sincere thanks to Professor 
Titchmarsh, for suggesting the subject of this paper and for a great 
deal of advice and help in the preparation of it, and also for per- 
mission to include Theorem 5 














SOME ELEMENTARY TAUBERIAN THEOREMS (I) 
By R. RADO (Sheffield) ° 
[Received 12 April 1938] 
J. MERCER* proved the following theorem which has applications in 
the theory of Hélder and Cesaro means. 
If « > 0 and ”" 
lim ce (1—«) Ss *,| =A, 


n—->x 


then mm wz. = A, 


nx 


This result may be considered as a Tauberian theorem for the linear 


= l x 
a . . » 
Y, Xn + > ° x, (n= 1,2.,...). 


In particular, this Tauberian theorem does not require any “Tauberian 


transformation 


condition’. I. Schur} calls transformations of this type, i.e. trans- 
formations for which y, — A implies x, — A, reversible. 

In this note I shall prove some elementary Tauberian theorems, 
with and without Tauberian conditions, for more general classes of 
transformations which will include Mercer’s result. I shall prove, 
for instance, the following theorem. 


Suppose that the transformation 


n 
¥, = 2 6,,% (a9 = I, 8...) (1) 
y=] 
is consistent, i.e. has the property that x, > € implies y, > €.{ Also, 
suppose that, for every sufficiently large n and some constant d < 1, 
n—1 
, c 9 
any 0 Onn ’ (2) 
v=1 


Then (1) is reversible. 


* Proc. London Math. Soc. 5 (1907), 206. G. H. Hardy (Quart. J. of Math. 
43, 143) extended the result to complex « whose real part (a) is positive, 
and I. Schur (Math. Annalen, 74, 447) proved that it does not hold for any 
x with Ra) 0. The theorems considered by Hardy and Mercer differ 
unessentially (aa, instead of ax,) from the theorem quoted. 

+ Loe. cit. 

t If a transformation 7 has an inverse 7'~', then the statements: (i) 7’ is 


consistent, (ii) 7’~* is reversible, are equivalent. 
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This shows, for instance, that in the space of consistent linear 
transformations a certain neighbourhood of the identical trans- 
formation contains only reversible transformations. In the special 
case considered by Mercer, (2) becomes 


afta aed 
n 


eT 

n 

This inequality is satisfied for a given a, for every sufficiently large n 
and some constant # < 1, if and only if |(l1—a)/a| < 1, ie. R(a) > 4}. 
The remaining case of Mercer’s theorem (0 < «a < 4) follows from 
another theorem (Theorem 6) of this note. 

The proofs are very elementary. Every theorem for sequences 
has its integral analogue for functions which will be considered in a 
second paper. 

We are concerned with a transformation 


Yn i? > a,,2, (n 3 1, 2,...). (3) 
v=1 


If not stated otherwise, every number which occurs is complex. 
Relations such as 


z,>0; 2,=O(F,); y,>0 


n 
refer to the limit process n > 00. 
For convenience we enumerate some hypotheses which we shall use. 
lim |a,,,| > 0, (4) 


n—->@® 


n—->o 
ven 


lm S w <8<1, (5) 


nn 


lima,,/¢,, =90 (v = 1, 2....), 


nx 


nn 


a,,=90 for n<v, 


> a <8<1 (8) 
ven! "mn 


for every sufficiently large n,* 
a,,=0 for n+k<-v. (9) 
* In particular, any of the relations (5), (6), (8) implies that, for every 
3) 
sufficiently large , Gy, #0 and, in the cases (5), (8), the series > |an.| 
vel 


converges. 
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THEOREM 1. Jf (4 (6) hold, then 
ex Ly _ O(1) 
imply Ly, > 0. 


This statement is no longer true if the condition x, = O(1) is re- 


n 


placed by x, = O(F,), (10) 
where F. is an arbitrary sequence of positive numbers which may 
depend on } and satisfy 
lim F, = ©. (11) 
THEOREM 2. Jf (4), (5), (7) hold, then y,, = O(1) implies x, = O(1). 
THEOREM 3. If (4), (5), (6), (7) hold, then y, > 0 implies x, > 0. 
THEOREM 4. Jf (4), pe , (9) hold for some positive integer k, 
then Y, = O(1) 
and Z, = o()-"*) (12) 
imply ‘ g, = O(}). 

This statement is no longer true if either (8) is replaced by (5), or 
(32) Sy x, = O(9-nlk), (13) 
THEOREM 5. If (4), (6), (8), (9) hold for some positive integer k, 

then Y, > 9, 

and Ly, = o(f-"*) (14) 
imply x, > 0. 

This statement is no longer true if either (8) is replaced by (5), or 
(14) by (13). 


THEOREM 6. Consider a transformation of the form 


n 
Yn = 4, X,+5, 2 C,, 2 
1 


where the a, are real, and where 
lima, > 0, b,, 
Y of , — 
b,< Ch, ff ns 
C being some constant, c, > 0. 
4 P s 4: 22 : 
Then y,, > 0 implies x, > 0. 
If, in addition to the conditions stated, 
@ 
lim >a, = 1, 
no v=] 
then in the wording of Theorems 1, 3, 5, 6 the relations 
Xn 7 0, Yn — 0 
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may be replaced respectively by 
Lp, >A, Yn, >A, 


where A is some arbitrary number. For then y, — A implies 
> a,,(x,—A) > 0, 
v=1 


A) > 0, L, >A. 

The case a > $ of Mercer’s theorem follows from Theorem 3, as 
indicated in the introduction. The more general theorem mentioned 
in the introduction is also a corollary of Theorem 3. To obtain 
Mercer’s theorem for 0 < « < 3, put, in Theorem 6, 


(x 


n 


a, = a, b, = (l—a)/n, c,= 1. 


n 
Then (16) holds, with C = 1. 
In proving Theorems 1 to 5 we may assume, without loss of 


generality, that 
© aad Ann #9 for every n. 


For, by (4), there are only a finite number of indices n for which 
a,» = 0, and, if we alter the corresponding numbers a,,,,, we do not 


nn 


affect the validity of our hypotheses. If we now write (3) in the form 


, ’ 
Yn — > Any Xy> 
v 


where Yn = YnlOnn Any = Any /Bnns 
we see that the numbers y,, a, satisfy the same conditions as the 
numbers y,, @,,. We have a), = 1. Hence we may assume, without 
loss of generality, that 

a,,=1 (= I, ¥....). 


nn 


Proof of Theorem 1. Let us suppose that 
0 < lim|z,| =r < o. (17) 
Given « > 0, we can find an integer n,(e) > 0 such that, for 
every 2 > %, 
Wnl<« [%|<rte, 2 lany| < P+e. 


There are arbitrarily large numbers n, > m9 for which |x, | >r—e. 
Then 
S 
! 
r—Ee< [an | = | Yn.— > an yXy < Ym +] & Onvty + > 3 any ty 
VFN v=1 A 
vFMm 


<e+ S 02, +(r+e)(d+e). 
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78 
Make n, > 0. We obtain, by (6), 


r—e < «+ 0+(r+e)(P+.e). 
Lete>0O. Then r< rd, 
i.e. L=?. 
This contradicts (5). Hence (17) is not true, and the positive part 
of the theorem is proved. 
To show that the theorem is a best possible one in the sense stated, 
we choose integers k,, ky,... (0 < k, < k, < ...) and put 
View = Ty,—Px,,,., (m= 1, 2.,...), 
Yn = Xp (n i km)s 
where # is an arbitrary number such that 0< # < 1. Put 
t,,=9-™ (m= 1, 2....), 
z, = @ (xn ~ &.). 
Then y, = 0, but x, > 0 is not true. (10) is the same as 
o-™ = O(F,) (m-—> 0). 
Given a sequence F,, F,,... satisfying (11), we determine the k,, as 
follows. Put k, = 1. Suppose that, for some m > 1, ky, kg,..., Kn—4 
have been defined already. Then, by (11), there is a least index k’ 


such that k’ >| F. >9-™ 
e k’ - ° 


m1 
Put k,, = k’. Then the example shows that (10) is not a “Tauberian 
condition’ for our transformation. 
Proof of Theorem 2. We have, for a suitable constant C, 
Ynl <C for every n > 0. 


Let us suppose that, contrary to the assertion of the theorem, 


nm (|z,,| = 00. 


ni 
Choose « > 0. For some arbitrary A > 0, let n, = ,(A) be the 
least index v for which |x,| > A. Then 


limn, = ©. 


A~>>® 
Hence, for every A > A,(e), 


m—1 
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For these A, we have 


m-—1 
lan,! < Yn,l+] ¥ n,r2)] < C+ lary, (+), 
v=1 


4 = 


ters < f+b+e 
Let A>oo. Then1<0+¢8+.e. Makee>0. Then 1 <#. 
This contradiction proves the theorem. 


Proof of Theorem 3. Since y, —> 0, we have, a fortiori, y, = O(1). 
Therefore, by Theorem 2, x, = O(1), and, by Theorem 1, 2, > 0. 


Proof of Theorem 4. It is no loss of generality to assume that, 


for every n, > |a,,| <8 
iat. Mali Meade 


vFn 
There is a C such that, for every n, 
IYnl < C. 
Put €, = Om |z,,|. 
Then e,, > 0. We shall prove that, for every n, 
|%_| < C(1—#)*. (18) 
This inequality would prove the positive part of the theorem. 
Suppose that » = , is the least index for which (18) is not true. 


_— in| < C8) < |a,,| for 1 <v <i 
Corresponding to every n > 0, we define n’ as being the least integer 
such that l<n' <n+k, 


for l<vp 


Then 


Put 
and generally, 


Then, obviously, 


Using (19) repeatedly we obtain 
ltn,| < C+Bl\x,,| < C+HC+H |x, | 
< ... K O(1+-8+4+ H+...) +9" |2, |. 
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We shall have obtained a contradiction with the definition of n, if 


we prove that lim 9 \x 0 
“tm 


m—>X 
Now, if n,,, > 00 as m > 00, we have 


ym r _ Ime, o Rats < ame, o (no+km)k _, 0 
m m 


thm 

as m—>oo. On the other hand, if, for some / > 0, 

Ny = N41 

we have, for every m > l, 

ym x 

as m-> oo. The positive part of Theorem 4 is proved. 
In order to show that (8) cannot be replaced by (5), we choose a 
number # (0 < # < 1) and an integer & > 0 and consider the trans- 


= 0" lz, | > 0 


tm 


formation ge sn eee 
We put a, = n-ig-nlk, 
Then y, = nk 3(n+k)n-"(n+k) Ar +olk = Q, 


In this case (4), (5), (9) are satisfied and 


Yn = O(1), x oO (d nik). 


nt 
but x, = O(1) is not true. 
nt 
The example 
: : ’ 9.—njke 
Yo = L_n—Olnse, 2, = 9, yg. = 
shows that (12) cannot be replaced by (13). 


Proof of Theorem 5. Since y, = O(1), Theorem 4 shows that 
x, = O(1). Now Theorem 1 is applicable, for (8) implies (5); and we 
obtain x, > 0. 

The same examples as were used in the proof of Theorem 4 show 
that Theorem 5 is a best possible one in the sense stated. 

Before proving Theorem 6 we should notice that some condition on 
b,, besides b,, > 0, 6, > 0 is necessary in order that the conclusion 


of Theorem 6 may hold, as is shown by the following example. 


a, =1 forall n, 
b, = 2, = 1/n; c,=1 if n is not a power of 2, 
n—1 


b, = (logn+1)-!; ¢,=0; 2, = —b, > c,x, if n is a power of 2. 
I 
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Here y, — 0 holds, but not x, > 0, since 


2” m 
Xam = —[log(2")+1}( Yr — > 2-) pong 
v=1 p=0 
as m—> OO. 

In the case of real sequences 2, the theorem remains true if (15) is 
replaced by n 
Yn = % r,+6, > Cy xy” (20) 

1 
where the uw, are arbitrary odd integers, u, > 0 whenever x, = 0. 
For (20) can be written as 


n 
, 
Yn — a, 2, +6, dot, 


where c, = ¢, av" > 0. 

In proving Theorem 6 we may restrict ourselves to the case of real 
sequences 2,. The general case is obtained by applying this special 
result to the real and to the imaginary parts of the x, separately. 
Since ” 
Yn—%, x,—),, > C,%, = b, CX > 0 

2 
as n —> 00, it is no loss of generality to assume that 2, = 0. 

Corresponding to every integer n > 0 we define n’ = n’(n) as 
being the largest integer v satisfying 

l<v<sn, z, <0. 
It is sufficient to prove the following lemma. 

Lemma. Suppose the hypotheses of Theorem 6 are satisfied. Further- 
more, suppose that n tends to infinity through a sequence S which has 
the property that 

a, >90, 2x, >0 for every n of 8, 


and either n’ = n, = constant for every n of S 

or n’>co asn—->co(ninS). 

Then lim 2, = 0. (21) 
nD 
ninS 


For, if Theorem 6 were not true, then we should have, for some real 
sequence 2, satisfying the hypotheses of the theorem, either 


lima, > 0, (22) 
or limz, <0 


(or both). After multiplying (15) by —1 if necessary, and con- 
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sidering —zx,, —y,, as variables, we obtain a case where (22) holds. 
Then we can find a sequence S such that 

lim2z, =—€>0 (é finite or +00). 

nin S 
If we replace S by a suitable sub-sequence we can obviously satisfy 
the conditions laid down for S. Then (21) would not be true. 

For the rest of this proof n is always a number of S, and limiting 

processes refer to n + 00 (nin 8). Using the definition of n’, we have 


n n’ 








0 : ay, Lp — Y,—6,, > C,v, . ¥,—, > C, xy 
1 1 
b b 
n . = n 
a Yn—F (Yn Ay % n’) = Yn—F Yn’ 
In’ Din’ 
If xn’ = n, = constant, then 
b 
n =S . ote =~ 
Yn’ = 0, * constant — 0. 
In’ 
— b,, ve 
If n’ + oo, then —Yn'| < Cly,-| > 9. 
by 
Hence, in either case, 
b, ay vy 
Yn oe Yn’ = 0, ay xy “a 0, Ly, = =~ 0, 
by ay, 


and the theorem is proved. 











THE LORENTZ TRANSFORMATION AND THE 
DUAL NATURE OF LIGHT 


By G. TEMPLE (London) 
[Received 4 May 1938; in revised form 17 June 1938] 
1. Introduction 


THE object of this note is to give yet another discussion of the 
Lorentz transformation, which appears, in some respects, to be more 
fundamental than the customary treatment. The Lorentz trans- 
formation gives the relation between the spatial and temporal 
measurements made by two observers in uniform relative motion. 
In the usual account of the transformation there is an obvious but 
remarkable change in the status of the two related observers from 
the theoretical deduction of the transformation to its practical 
applications. In the theoretical deduction the two observers are 
treated as equivalent, although this equivalence is expressed by 
different writers in different ways. Thus, for example, Einstein 
assumed an optical equivalence such that, in the space of each 
observer, the speed of light was the same in all directions. But, in 
the practical application of the transformation, one observer is 
identified with an actual physicist in a terrestrial laboratory while 
the other observer is a fictitious character who may be supposed to 
be carried about with a high-speed electron or with a distant nebula. 
This description of the changed status of the observers is not intended 
as a criticism of the customary discussion. The fictitious character of 
the second observer does not invalidate the Lorentz transformation, 
whose practical utility arises precisely from the fact that it enables 
us to infer what measurements the second observer would make from 
the actual measurements made by the first observer. 

Nevertheless, in view of the different status of the observers in 
the practical application of the transformation, it is arguable that 
there is room for a theoretical discussion in which as little emphasis 
as possible is laid upon the equivalence of observers. All that we 
shall here assume initially regarding the equivalence of observers is 
that the optical situation which appears as a parallel beam of light 
to one observer will appear as a parallel beam of light to the other 
observer, and even this assumption will be abandoned later (§6). We 
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shall also assume that for one observer © the speed of light is the 
same in all directions. As regards the other observer S we shall make 
no assumption regarding the isotropy of the speed of light in his 
system of reference. This asymmetry in our assumptions corresponds 
to the distinction between our considerable knowledge of the optical 
experience of observers stationary in fixed laboratories and our very 
meagre knowledge of the optical experience of observers in relative 
motion. 

Our analysis of the relations between the two observers depends 
upon the recognition of the dual character of a beam of light. A 
parallel beam of light can be regarded as a system of plane waves 
advancing normal to themselves with velocity w, or as a system of 
photons advancing along parallel rectilinear rays with velocity v. 
Only the most primitive and elementary concepts of the wave theory 
and the particle theory of light are involved in these two descriptions. 
These two representations of a parallel beam of light will be con- 
sistent only if the wave velocity w and the ray velocity v agree in 
magnitude and direction.+ It is this principle of consistency which 
is the basis of our deduction of the Lorentz transformation. 

From this principle we shall deduce that, if each of our observers 
employs Galilean coordinates, then the equations of transformation 
from one system of coordinates to another are linear, so that the 
observers have no relative acceleration. Next we prove that, if the 
speed of light is the same in all directions for the observer &, then 
the same is also true for the observer S. Finally, we show that the 
transformation must be of the Lorentzian type, and that the speeds 
of light as measured by S and & are in the same ratio as the speed of 


—_ 


x as measured by S to the speed of S as measured by =. 


2. The Dual Representation of a Beam of Light 

Let the Galilean systems of coordinates employed by S and = be 
(21, %g, %g,%4) and (£,, &, €3, €4), in which (2,;) and (£;) (7 = 1, 2, 3) are 
each rectangular spatial coordinates, while x, and €, are temporal 
coordinates. We shall habitually allow italic suffixes 7, j, k, p, q to 
take the values 1, 2, 3, and Greek suffixes, px, v, p, to take the values 
1, 2, 3, 4. The summation convention will not be employed, as it 
would need to be frequently suspended. 

Let a parallel beam of light P have direction cosines A,, A,, Az in 


+ We are, of course, considering a beam of light in vacuo. 











THE LORENTZ TRANSFORMATION 285 
the system = and the speed y, which is assumed to be the same in 
all directions. Then P can be regarded either as the system of plane 
a > A. &.—vés = « (a constant), (2.1) 
or as the system of rectilinear rays, 

£,—A, v4 = % (a constant). (2.2) 
Similarly, in the system S, P can be regarded either as the system 
of plane waves, ¥ 1,2,—c(l)x, = a, (2.3) 
or as the system of rectilinear rays, 
x;,—bL,c(l)x, = aps (2.4) 
but here the speed c(/) or c(l,,/,,1,) is to be treated as an unknown 
function of the direction cosines /,, /,, ls. 
Let the equations of transformation connecting the coordinates of 
S and = be 
é., = Pyu(%y, Xe, Xg, X4) = $,(2). 
The functions ¢, cannot depend in any way upon the direction 
cosines J, or A;, which specify a beam of light P. We know, however, 


that the equations (2.1) and (2.3) represent the same system of wave 
fronts. Hence the equations 


(x) = A; }bj(x)—yda(x) = a 
and u = >1,2;—e(l)a, =a 
represent the same system of surfaces. Therefore 
= F(a,r) and d(x) = F(u,d). (2.5) 


We can now proceed to prove that the functions ¢,(x) are linear 
functions of z,. 


3. The Transformation is Linear 


The direction cosines of P in S, viz. 1,, 1, ls, are functions of the 
direction cosines of P in &, viz. A,, Ag, As. When these latter have 


Ar: = Snk = 


the special values (° (k + p), 


1 (k = p), 
we shall denote by* 


Lx Cp, and uy = D1, %,—C, 2%, 
the corresponding values of 
l,, e(l), and wu. 
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We shall also write F,,(u,) for the corresponding form of the function 
F(u,2). It then follows from (2.5) that 
py(x)—yb4(2) F,(uy), (3.2) 
and on substituting the values of ¢,(x) given by this equation in 
(2.5), it also follows that 
y(> A,—1)b,(x) = F(u,rA)— 3 A, F,(u,). (3.3) 
So far we have used only the equivalence of (2.1) and (2.3). We 
now employ the fact that (2.2) and (2.4) represent the same system 
of curves. It follows that the two sets of equations 
p;(x)—A; yb4(z) = a; and 2;—l,c(l)ay=a,; 
are equivalent. Hence 


=* 0g; ed; ~ od F, 

> 1, e(l) + = dyy| Cay, o(t) + Pal, 

Lv 02}, OX, | OX}, OX, 

Into this equation we substitute the value of ¢,,(2) given by (3.2), 
and thus obtain 


A >: 4) (1) 4 Ps\ — _@, 


| Qy da, x4) 9 
. OF (u,,) , OF (u,) 
where G, = Es PoP" |, c(l) +- -— . (3.4) 
ae OX}, OX, 


We now substitute the value of ¢,(x) given by (3.3). Then, using 
5 a : ’ 
(2.5), y(1—A,) ¥ A, G, = (EA, VIE, 
It thus appears that 
4 4 _ @ 
1—A, 1—A, 
where, by (3.4) and (3.1), 
G, = {e(l) > Lizl.—c,} Fp, 


F/, being the ordinary derivative dF,,(u,,)/du,. We shall now prove 





that these derivatives are mere constants. 
We choose /,, /,, 1; so that 
YH=1 and 51,4,=0 for p=2 and p=3. 
Then G,= —c,F, and G, = —c, F3. 
The direction cosines A,, Ay, As are functions of /,, /,, /, and will assume 
special values under these conditions. The actual values assumed 
are not required, but we must show that A, ~ 1 and A, + 1 
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For, if we assume that A, = 1, then A, = 0 and A; = 0. Hence, 
by (3.1), / 
Ll, = ly, c(l) =c,, and G, =c,{> 2,—I1}F. 


But, since ¥ /,,1, becomes > /3,, it is clear that the value of the 
latter expression is zero. Hence G, = —c, Fj. But equations (3.5) 
show that 


which is impossible. Hence A, cannot equal unity. A similar proof 
holds for Ag. 
It follows that equations (3.5) yield a non-degenerate relation 
CoP,  ¢3Fs 
1—A, 1—A,’ 


where the denominator of neither fraction can vanish. Hence F, is 
a numerical multiple of F3, and, unless both derivatives are con- 
stants, wu, will be a function of us. Equation (3.2) then shows that 
&,—y€, will be a function of £,—y&,, which is absurd. Therefore F, 
and F; are mere constants, and the same is true of Fy. 


We shall write F, = a,, whence 


$,(%)—yb4(x) ns ay t,+6,, 


where b,, is a constant. We have thus shown that 


€,—yv&, = af > lox %e—C, Ta} +5,, (3.6) 


and a similar argument would prove that 


Xy—CqXq = at > Agi E,—yE}+B, (3.7) 


A,; are the values assumed by c(/),A; when l,, = 6,,. If we 


where €, Aj; 


eliminate £,, &, €; between these equations, we obtain a relation of 
the form 


a, y(1— > A,;)€, = a linear function of x,, %, #3, %. (3.8) 
j 


It is, however, necessary to prove that this relation is effective, i.e. 
that the coefficients of €,, x1, %, 23, #, do not all vanish. 

To prove this we note that, if «, were to vanish, then by (3.7) we 
should have an identical relation connecting x, and 2,4, which is 
impossible. Therefore, if the coefficient of £, vanishes in (3.8), we 


must have dAy = 1. (3.9) 
j 
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But, by a suitable choice of the system S, the direction cosines 
(Agi; Age, Ags) can be given any prescribed values subject to 
‘ ao 
atNetXs = 1. 
Hence the equation (3.9) caunot be valid. 

Hence, in (3.8), the coefficient of €, does not vanish. The right- 
hand side of this equation cannot, therefore, be a mere constant. 
Hence . , ; 
€, = a linear function of 2, 7, 3, 24. 
It then follows from (3.6) that 
g 


» = a linear function of 2,, %2, %3, X4. 


We have thus proved that the transformation is necessarily linear. 


4. The Speed of Light in S is the same in all directions 
To show that in the system S the speed of light is the same in 
all directions we shall make a fresh start and write the equations of 
transformation in the form 
é. = > Buy X, +-constant. 
It follows that i 


Dd Av é;—vbs > {> d; Bin— Bax} + > (A; Bja—yBaa)%4-+ constant. 
7 U : J 


Hence, from a comparison of equations (2.1) and (2.3), 


a 24; Bix — Bar. 
c(l) —— D> A;Bjat+ Baa 
} 
Also, if x; = 1,;c(l)x, then 


§, = (> Ble c(l) +Bj4}x4+constant, 


and é.= (> Bax 1, c(l) + Bya}%4+ constant. 
E 
Therefore, from a comparison of equations (2.2) and (2.4), 
> Bye lc(l)+-Bja 
ea > Bailie!) +Baa 


Equations (4.1) and (4.2) determine the law of transformation of 
the direction cosines (J;,) and (A,). If we substitute the values of A; 


r (4.2) 
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given by (4.2) in (4.1), we obtain relations of the form 
tea > B,, l,e(1)+-A, 
af — > A,l;c(l)+A’ 
where By = p2 By Bix—y*Bai Bay 
A, = > Bra Bin —v*B aa Bax. . (4.4) 
and A= — 2 ByBiat7"BusBas 


These relations, (4.3), are not identities, but are equations which 
determine c(/) as a function of /,, 1,, 1,. These three equations for 
c(l) must be consistent, and from their consistency we shall deduce 
that c(/) is a constant c, that A, = 0, and that B,; = (A/c*)6,,. 
It is convenient to write the relations (4.3) in vectorial form as 
Be?(/)+-{a+(a.1)}c(l)—Al = 0, (4.5) 
where B denotes the vector with components 


Bi. = > Bil, 


a denotes the vector with components 





ay, = A,, 


and 1 denotes the unit vector with components J,.. 
In equation (4.5) we write 1; = 6,,; and c(/) = ¢,. Then we obtain 


Bry E+ (a, +a, 8 nn)Ep—A8 yx = 0. 
Hence By. = & Biply = —on D (lp/Ep) + Biel 
p Pp 


where Bh, = A/G@—«,/€;, 


(4.6) 


Returning to equation (4.5), we multiply this vectorially by 1, and 
thus obtain BAlc(l)+aAle(l) = 0. 
Hence a.B\l= 0. 


This last equation can be written as 


| 4 a Ag | 
Bh, Bhl, Bz3ls| = 0, (4.7) 
h ly ls 
in virtue of (4.6). Now (4.7) is one of the conditions of consistency 


of the three expressions for c(/) given by (4.5), and it must therefore 
3695.9 U 
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be satisfied for all values of l,, 1,, /,. By putting 1, = 0,1, 4 0,1, ~ 0, 
we find that »,(B*,— B%,) = 0; 


and, similarly, we obtain the equations 
x,(B¥,— Be) = 0 and a,(Be— BR) = 0 

There are now four possible cases to examine and we shall prove 
that in each case BY, = BF, = Bs. 

(i) a, = 0, a, = 0, a, = 0. 

Then (4.5) becomes Bj, 1;,c?(l) = Al, 
whence BY, = BS, = Bh. 

(ii) a, = 0, a, = 0, BE = BY B*, say. 

Then (4.5) becomes 

B*c?(l)+-(agls)e(l)—A = 0, 

and { B35 l5- -ag > (L,/€p)\e(L) + {a+ 01g 13}c(l)— Al, = 0, 


p ! 


by (4.6). Therefore 
| (B*— B3s)ls+ as  (l,/ Ey») }e*( x3 C(I). 


Now put /, = 1, /, = 0, and 1, = 0, and we find that 
{(B*— B35) +-05/€3}C3 = ag, 
whence al b* as before. 
(iii) a, ), BE = EB, Be = Bz. 
Hence we have the desired result immediately. 
Gv) BE = BL, B= Be, BS = Be. 
Again the desired relation is obvious. 
Hence in all cases we see from (4. oo that 
By. = —oy 2 ( 7 + B*l,.. 
Therefore (4.5) becomes 
{ B*1— a> (1, /é,)\c(l) +{a+ (a. 1He(l)—Al = 0. 
Multiplying vectorially by 1, we find that 


| . 4 = \\ 
[Pe > Cn/ep)ja I : = Q. 
This is the second condition of consistency, and it follows that 
either 1 = e(l) > (l,/Ey), 
Pp 


or al 0. 
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The first alternative must be rejected, for we can always find a direc- 

tion 1, such that > (J,,/é,) = 0, and the corresponding speed c(I) 
p 


would then be infinite. Hence the second alternative must be 
adopted, and we then deduce that 
a0, ie. A,=0. (4.10) 
Equation (4.9) then reduces to 
B*c%(l) = A, (4.11) 
so that c(/) is a constant c, and the speed of light is the same in all 
directions in the system S. 


5. The Transformation is Lorentzian 


It is now easy to show that the transformation is Lorentzian. 
From (4.4), (4.8), (4.10), (4.11) it follows that 


> By Bin —y"Bai Bax = B*,,; 
J 
> Bia Bin —v"*Baa Bax = 0 
and > BjaBja—Y"BaaBas = — B*e® 
Hence, if &,= > Bu +B, 
and = > Bur +B,» 
v 
then 
> (€;—0;)?—y*(Ea— 14)” 
) 
— Pi Bin By (%y,—Yp%,—Yy)—Y* > Bay Ba (%,—Yyp)(%—Yy) 
jp Teo 
= B*Iy (x;—y;)*@—c%(a4—yy)*}. (5.3) 
This relation is sufficient to show that the transformation is a 
generalized Lorentz transformation, i.e. it is the product of 
(i) translations , = x,+8,; 


(ii) spatial rotations, for which €, = a, > €? = > 2}; 


) 
(iii) special Lorentz transformations in (€,, €,) and (x1, 2,4), ete.; 
(iv) 

By means of the orthogonality relations (5.1) we can solve the 
transformation equations (5.2) for x,, obtaining 


Btx, = > & By —y*§, Ba: + constant 
j 

and — Bre®x, = > &; Bjy—vyEqByqt+ constant 
j 


magnifications £; = mx;, £4 = nx,. 


(5.4) 
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If we now substitute these values of x, in (5.3), we obtain a second 
set of orthogonality relations, one of which is 


> Pir—e Bis = — B*/y’. (5.5) 

We can now compare the speed of X, (£; = 0) in the system S 

with the speed of S, (x; = 0) in the system & 
S, in the system = are 


The coordinates of 


bn = Buss +B, 


and hence its speed is 


Therefore, by (5.1), ‘a = 
The coordinates of X, in the system S are given by 
Btx,; = y*&,84;+ constant 
and B*c*x, = y*£,B44-+constant, 


by (5.4). Hence the speed of X, in S is 


a see - ” 


Therefore, by (5.5), 
uz = c?—(B*c*)/(y*B2,) 
It now follows from (5.6) and (5.7) that 


Us : Uz 


This result shows that, if the units of measurement in S and = are 


chosen so that wg = Uy, then the speed of light will be the same in 
both systems. 


6. The Transformation in General Relativity 


The assumption which we have hitherto made regarding the equi- 
valence of a pair of observers is that the optical situation which 
appears as a parallel beam of light to one observer will appear as 
a parallel beam of light to the other observer. This assumption was 
given the dual interpretation that each observer would regard the 
beam of light either as a system of plane waves advancing normal 
to themselves or as a system of photons moving along rectilinear 
rays in the same direction as the waves and with the same speed, 
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which might vary with the direction in the system of reference of 
one of the observers. From the standpoint of the physicist this 
assumption is subject to the tacit understanding that it must refer 
only to the optical situation in the immediate neighbourhood of the 
two observers, who must accordingly be neighbouring observers. 
Measurements made by an actual observer are made at the observer 
and have immediate reference only to neighbouring events. The 
explicit recognition of this condition enables us to dispense with our 
original assumption that there is agreement between our observers 
as to which optical situations appear as parallel beams of light. 

If we confine ourselves, as we must, to events in the immediate 
neighbourhood of an observer, any wave front, in general, will appear 
to be plane, and the track of any photon will appear to be straight. 
The preceding analysis can therefore be taken over into the general 
theory of relativity with the understanding that the coordinates (x,,) 
and (£,) are to be replaced by the differentials (dx,) and (dé,). 

Jquations (2.1) to (2.4) will then refer to the tangent plane to a wave 
front and to the tangent line to a ray. 

There will be a consequential simplification in the argument, for 
the transformation from (dg,,) to (dx,,) is necessarily linear. We can 
therefore omit §3 and proceed at once to the proof in § 4 that, if the 
speed of light is the same in all directions for any one observer, then 
the same must be true for all neighbouring observers. The argument 
of §5 then shows that 


> dx?—c? dx? = > dé?—c? dé, 
' J 


it being understood that (dx,,) and (dé,,) are Galilean coordinates. 
We thus demonstrate the invariance of the metric in the four- 
dimensional manifold of general relativity. 

Finally, I wish to thank Professor E. A. Milne, whose criticisms 
of the original draft of this paper stimulated me to discuss the 
problem in a much more general and fundamental manner. 





MULTIPOLAR AND MULTIGLOBULAR 
COORDINATES 


By E. H. NEVILLE (Reading) 
[Received 20 May 1936] 


THE object of this paper is to establish the correlation of circles in 
a plane with points in space, and the theory of tetracyclic and penta- 


spherical coordinates, on a direct elementary basis instead of by 


means of the cartesian equations of circles and spheres. The general 
argument is presented in a form independent of the number of 
dimensions, but in §3 an application is made to a theorem on conics 
in a plane. I have not delayed to discuss the modifications which 
allow a globe* to degenerate into a prime, since these modifications 
are the same however the subject is approached. 

1. The specification of a point P in a flat space S, of n dimensions 
by its distances from » base points is necessarily ambiguous, for, if 
Q is the reflection of P in the flat space S,_, which contains the base 
points, the n distances of Q are the same as the n distances of P; 
it is only if P is in the prime containing the base points that Q 
coincides with P and the ambiguity disappears. But to say that the 
ambiguity does disappear in this case asserts that, in a space of n—1 
dimensions, specification by distances from n points which are not 
contained in a flat space of n—2 dimensions is complete. It is not 
necessary to introduce directions of measurement along the several 
radii, and for coordinates we take the squares of the distances. 

We denote the multipolar coordinates, so defined, by A,, Ag,..., A 
or, if we wish our equations to be homogeneous, by A,/A,, 4.1, Ae/Ay +1 
X,,/Ani1. The system is redundant, and the permanent relation is 
familiar, being nothing but the Cayley-Sylvester identity between 
the mutual distances of n+-1 points in space of n—1 dimensions. If 

* The unappropriated word ‘globe’ is a useful addition to the vocabulary 
of geometrical terms without dimensional implication. In one dimension the 
globe is a point-pair ; in two it is a circle. If we are to take an adjective also 
from everyday speech, we cannot evade the inconsistencies of language ; 
‘global’ exists, as do half a dozen other derivatives, in the sense that the 
compilers of dictionaries have found them in print, but it is ‘globular’ which, 
as the O.2.D. says, ‘although etymologically related to globule, is commonly 
employed in senses corresponding to those of globe’, and it is ‘globular’ which 
is applied by chemists to some of their largest molecules and by astronomers 
to stellar configurations. 
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the base points are A,, Ag,..., A,, and if a,, denotes A, A?, the 
identity is 

1 1 1 

0 Az Ag 

Ga, O agg 


1 ani One 
1 A, Ay As 
or in homogeneous form, with the columns and rows in the order 
that is then more natural, 
S Bae Gs. + <3 ie A, |=90. 
© Ge -:'s + ie r» 
| @,, @ Rea? eee 1 A, 


n2 


“eae ee . Aa 

ih a & ~« 2 eee Ree) 2S 
The permanent relation between the homogeneous multipolar co- 
ordinates (A,) in space of n—1 dimensions is the condition that the 
prime A,a”’ = 0 in nm dimensions touches the quadric a,,a7a* = 0, 





where 
Oenst = Fnsig = 1, Gsines = 9 (r,8 
(1.3) 

In other words, the use of multipolar coordinates sets up a one-one 
. correspondence between the points of S,_, and the tangent primes 
to a quadric in S,,. 

2. In S,, a linear relation w’A, = 0 is susceptible of four inter- 
pretations. Most directly, the relation expresses that the prime (A,) 
passes through the point (w"), which, if the prime touches the base 
quadric K, is a point outside the quadric. The aggregate of points 
in S,_, for which the multipolar coordinates satisfy the relation 
u'X, = 0 can therefore be correlated with the aggregate of tangent 
primes to K through (w"), with the point (w”) itself, with the prime 
(a,,u*) which is the polar of (w") for K, or with the quadric in n—1 
dimensions which in the section of K by (a,,u*). 

In S,_;, if @ = u!+-u?+...+u" + 0, and if G,, is the mean centre 
of loads w!, w?,..., w" at A,, Ag,..., A, then identically for any point P, 
ul, A, P?+u?.A, P?+...4u".A, P? = (w'+u?+...+u")@, P?+ 

+(u1.A, G2+u?. A, G2+...+u".A, G2). (2.1) 
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Hence, if a ~ 0, the linear relation u’A, = 0 is equivalent in S,_, to 
Gi, p= — u'y,|UyYy, +1? (2.2) 
where y;:Vo:.--:Y,4, are the multipolar coordinate-ratios of the 
mean centre G,,. 
An alternative analysis enables us to deal with the exceptional 
case. With any origin O in S,_,, 
A, P? = OP?—2(OP.0OA,)+0A?, 
where (OP.OA,) is the scalar product of the vectors of the steps 
OP, OA,; hence, if OU is the step from O with the vector 
u}.OA,+u?.OA,+...+u".0A,, 
and if D is the projection of P on the line OU, then 
ui. A, P?+-u?.A, P?+...+u".A, P? 
- i.0P?—20U .OD+(u!.OA?+-u?. OA3+...4+u".0A2) 
and the relation w’A, = 0 is equivalent to 


iw, ,,.OP?—2w, ,,.0U .0OD+u'w, = 0, 


where w,:@,:...:@,4, are the coordinates of O. If @ 40, OU is 


a.OG.,,, and, if O is taken at G,,, the result already found is recovered. 
If @ = 0, the vector ut.OA,+u?.OA,-+...+u".OA,, is independent 
of the position of O in S,_,, since for any two points O, Q in any case 
(u!.OA,+u?.OA,+...+u".0A,) 

= 4.0Q+(u1.QA,+u?.QA,+...+u".QA,); 
hence this vector is not zero unless w!, u? wu” are all zero, for, if 
u’ ~ 0 and s is distinct from r, the relation 

u.A,A,+u*®.A,A,+...+u".4,A, = 0 

would imply that the base points A,, A,,..., A, were contained in 
a flat space of n—2 dimensions; it follows that, if @ = 0, and if 
ui, u?,..., uw” are not all zero, the relation w’A, = 0 is equivalent to 

OD = w'w,/2w,,,.,.0U (2.5) 
and expresses that D is a fixed point, that is, that P is in the S,_, 
through D orthogonal to OU. Lastly, if uw, w?,..., w" are all zero, the 
linear relation w’A, = 0 becomes X,,,, = 0 and expresses that P is 


at infinity. 
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(2.6) The linear equation in homogeneous multipolar coordinates is 
the general equation of a globe, and includes as particular cases the 
equation of a prime and the condition satisfied by points at infinity. 
By means of multipolar coordinates, the globes in S,_, are correlated 
with the points of S,, outside a quadric K, and with the primes of 8, 
which cut K. 
That it is the points outside K which correspond to globes in S,,_, 
can be seen analytically by a transformation of the sum w’y,. In the 
identity (2.1), let P be taken at the base point A,; we have then 


a,,u'+a,,u*+-...+a,,u™ 
= 4.4, A2+(u!.A, @2+u?. A, @+...+u".A, G2), 
and this identity, with the addition of the arbitrary constant w"*! 
to each side, can be written 
a,,u" = (ty, +U'y,)/Ynsy (8 = 1, 2,..., 0); (2.7) 

also identically Opn U = & = By yss/Ynsr- (2.8) > 
Multiplying the »+1 identities by w!, u?,..., w"*! and adding, we 
have on the left the sum a,,u’u’, in which, since a,, = 0 for all 
values of r, each term occurs twice, while on the right the product 
i.u'y,/Yn4, occurs in two forms. Thus 

@.WwY,/Ynsa — 34,5 wus, 
and, if @ ~ 0, the equation w’A, = 0 is equivalent to 

G, P? = —}a,, wu /a. (2.9) 
It is only if the point (w”) is outside the quadric a,,2’x* = 0 that 
a,,u'us is negative and that there are real points in S,_, whose multi- 
polar coordinates satisfy the equation w’A, = 0. 

The condition a7 = 0 is the equation in S, of the tangent prime 
T\,_, to the base quadric at the reference vertex X,,,,. To say that 
a prime in S,_, is represented by an equation w’A, = 0 in which @ = 0 
is therefore to correlate the primes of S,,_, with the points of this 
tangent prime. If the correlation is confined to these two primes, 
a point in S,_, is associated not with a prime (A,) in S, but with the 
prime section of 7|,_, by (A,). The correlation is a linear correlation 
of the points in one space with the primes in another space of the 
same number of dimensions. 

3. As an example of a transformation from a theorem of a common- 
place kind in geometry of three dimensions to an unfamiliar theorem 
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in plane geometry, let A, B, C be the points of reference in a plane, 
and let B, y be two conics, of which one has foci A, C, and the other 
has foci A, B. If the homogeneous tripolar coordinates are (A, , v, ), 
the equation of y is of the form vA+~yu = vh.vw. In space, this is 
the condition for the plane Ax+-py+vz-+ wt = 0 to touch a conic T 
in the plane z = 0, with the equation hay+(x+-y)t = 0, and the 
points of the conic y are represented* in space by planes which touch 
both the base quadric K and the conic [. Similarly, the tripolar 
equation of 8 is VA+ wv = vg.va, and the points of 8 are represented 
in space by planes which touch both K and the conic B which is in 
the plane y = 0 and has the equation gzx+(z+-x)t = 0. Hence the 
points of intersection of 8 and y are represented by planes which 
touch the quadric K and the two conics B, [’. Now the conics B, [ 
are not unrelated; they intersect in the points 7’ and X. Hence the 
developable circumscribing these conics degenerates into a pair of 
quadric cones, 3’, &”, and a tangent plane to K which touches B 
and [ is a common tangent plane to K and one or other of these 
cones. But B and T are specialized still further in relation to K. 
The tangents to B and [ at 7 are the intersections of the planes of 
the conics by the plane x+y-+z = 0, that is, by the tangent plane 


to K at T. It follows that the vertices U’, U” of =’, &” are in this 


1" aa 
J) 


tangent plane, and that, if #’, 2” are the tangent cones from U’, 


to K, then EH’ touches &’ along the line U’7', and E£” touches =” 
along the line U"7'. Thus the tangent plane to K at 7’, which has 
nothing to do with the conics B, y, accounts for two of the common 
tangent planes to the cones EZ’, &’, and for two of the common tan- 
the other two common tangent 


gent planes to the cones #”, &” 


planes to H’, ©’ and the other two common tangent planes to #”, = 


represent the four points of intersection of B and y. Since the line 


of intersection of any two tangent planes to &’ passes through the 
vertex U’, and the line of intersection of any two tangent planes to 


* The distinction between VA+- vz and VA— vy disappears in the rationali- 
zation, but there are not two conics vA+ vu vVh.va@, for the negative 
sign is impossible in the plane if h is greater than AB* and the positive sign 
is impossible if h is less than AB*. There are points of I’ corresponding to 
each sign; I’ passes through the two vertices X, Y of the triangle of reference 
in the plane X Y7’, and each sign is associated with one of the two arcs into 
which these vertices divide the conic, but I crosses the base quadric K at 
these points, and the real tangent planes common to I’ and K belong to one 
of the ares only. 
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&” passes through the vertex U”, and U’, U” are points in the tangent 
plane to K at 7’, it follows that 
(3.1) T'wo of the common chords of the conics B, y are represented in 


space by the vertices of the two cones through the conics B, TY. 


That this theorem should discriminate between two of the six 
common chords and the other four is not hard to understand, for 
it is an immediate corollary of the definition of a conic by means of 
focus and directrix that, if two conics have a common focus, two 
of their common chords pass through the intersection of the direc- 
trices associated with this focus; the common chords of f and y 
represented by U’ and U” pass through the intersection of the 
directrices associated with A. 

We now introduce a conic « whose foci are B and C, represented 
in space by a conic A in the plane x = 0 with the equation 

fyz+(y+2)t = 0. 
There are common chords of y and « represented by the vertices 
V’’, V" of the cones through T and A, and there are common chords 
of « and B represented by the vertices W’, W” of the cones through 
A and B. The conics A, B, [ are three sections of the one quadric 


fyz+-gza+-hay+(x+-y+z)t = 0. 


Hence* the pairs of vertices U’, U"; V’, V"; W’, W” are the pairs 
of vertices of a quadrilateral, and the corresponding pairs of lines in 
the plane A BC are the pairs of sides of a quadrangle. 


(3.2) If, in a plane ABC, «, B, y are conics with foci B, C, with 
foci C, A, and with foci A, B, there are a pair of common chords of 
B and y, a pair of common chords of y and x, and a pair of common 
chords of « and B, which are the pairs of sides of a quadrangle. 


If two ellipses have a common focus, they cannot have more than 
two real points of intersection, and it was proved by J. 8. Turner 
that, if three ellipses share their foci in the way described in 
(3.2), and if each pair of ellipses has a chord of visible intersection, 
then the three chords of visible intersection are concurrent. An 

* The six vertices are in the polar plane of the point of intersection of the 
planes of the three conics, and the collinearities required are demonstrable 
by applications of Pascal’s theorem to the intersection of the quadrie by this 
plane. This proof fails in the very case with which we are concerned, since 
the Pascal figures degenerate, but the cones do not degenerate or coalesce, 
and the theorem remains true. 
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elementary proof of Turner’s result and of (3.2), and a discussion of 
the relation between them, have been given elsewhere;* actually the 
proof of (3.2) given above was found before the elementary proof, 
but the assumption that the interpretation put on the Cayley- 
Sylvester relation is so obvious as to be common knowledge seems 
to have been mistaken. The ideas elaborated in the present paper 
are implicit in the application of the interpretation to the simple 
case of the geometry of point-pairs on a line, which is given in detail 
in another paper.t 

4. Since the mean centre G, which is the centre of the globe 
uA, = 0 is determined by the ratios u!:u?:...:u”, different globes 
in S,_, which have the same centre G, are represented in S, by 
different points on the line 

x” 
un” 

But, since this line passes through a vertex of reference which is on 
the base quadric K, the line is partly inside and partly outside the 
quadric, and the points inside the quadric, though they seem to be 
associated with the point G,, as closely as the points outside the 
quadric, do not correspond to globes in S,_,. To extend the corre- 


spondence by introducing spheres of imaginary radius, that is, by 


considering the spaces S,,_, and S,, as essentially complex, is to change 
the subject too drastically. What the correspondence suggests is 
rather that the global{ geometry of S,,_, is a geometry in which the 
element is a point G of S,_, associated with a radial measure [ 
which may be positive, zero, or negative. If [ is not negative, the 
element [G,I°] specifies the actual globe which is the aggregate of 
the points P for which GP? = [. A theorem in which no negative 
measures occur can be read as a theorem concerning actual globes; 
the interest of a theorem in which there are measures of both signs 
must be intrinsic. 

* ‘A focus-sharing set of three conics’: Math. Gazette, 20 (1936), 182. 

+ ‘Bipolar and trigeminal coordinates on a line’: J. of the Indian Math. 
Soc. (Ser. 2) 2 (1937), 173. The paper was taken as read before the London 
Math. Soc., 23 April 1936. 

t We have to distinguish between the geometry of configurations of globes 
and the geometry of figures in a globe ; if analogy with the established meaning 
of spherical geometry and spherical trigonometry is to be preserved, it is the 
latter that must be called globular geometry, and, unless we now admit a 
second adjective, the former must be the geometry of globes. 
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It is now a matter of definition that the linear function w’A,, which 
cannot necessarily be equated to zero, is associated on the one hand 
in S,, with the point (w”) or the prime (a,,u*), and on the other hand 
in S,_, with the point G,, and the measure [., which are such that 


wh, —- A, (G, _— r,) (4.1) 


for all positions of P. The formulae connecting the representation 
in S, with the globular element in S,_, are implicit in this identity. 
If P is the base point A,, A,/A,,, is by definition a,. and G,, P? is 
¥r/Yn+1; thus 


gp Uns = WY-—Ynuil,) (7 = 1, 2,..., 0). (4.2) 
Also, if P is G,, A,/Anas 18 Y¥;/Yn4q and G, P is zero, whence 
Uy, = —tyny NT, (4.3) 
while, if r is n+1, a,.u* is @, and we may write 
Oens1U Ynty = WYns1- (4.4) 
From (4.2) and (4.3) we have, as in (2.9), 
a,,uu® = —2a°T,,. (4.5) 


Supposing (w”) to be given, we have the radial measure [, from 
(4.5), and then the homogeneous multipolar coordinates y,, yo,..., Yn41 
from (4.2). If [@,,T,] is given, (4.2) and (4.4) express the ratios of 
the n+ 1 linear combinations a,, uv’ to a, and the ratios wu? : wu? :... :w"+4 
may be inferred. But there is a better way of regarding the formulae: 
as we have said, (a,,u*) is the prime in S, which is the polar of (w’) 
for the base quadric, and we may say simply that 


(4.6) The globular element [G,,T,,| in S,_, is represented in S, by 
the prime whose coordinates are 


Y1— Yn+i iw Y2—Yn+1 Fiapone Yn—Y¥n+1 pet Yn+1° 


This representation brings us back to our original correlation of a 
point with a prime, for, if T, is zero, the coordinates of the prime 
become the multipolar coordinates of the point G,. To find the 
globular element represented by a given prime (n,), we remark that, 
if T, is the radial measure, the multipolar coordinates of the centre 


G, are 
. m+ Mn+ ly Not Mn+ aoe Mn Mn+1 > Nn+1° 
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Substituting these values of the coordinates in the permanent rela- 


tion (1.2), we have 


9.2 7 
Qn 41 a 0 Gu Gee) Sk Me 
~~ © eo . « Ree 
Any Ane Ane * * 3 0 1 
] l ] , , ; ] 0 
O. Gao ae « + * Whe ] Ny 
GQ, O Go . «. « Gan ] No 
4.7 
Ant Ane Ang - ‘ ; 0 l Dn , 
| wom. .. 2 oa 
ta .§ « + Ai ew 0 


and, when I, has been found from this formula, the coordinates of 
G, follow at once. 

5. If in the identity (4.1) we take for P the centre Gz of the globe 
corresponding to the prime (f,), we have, from the values of the 
multipolar coordinates just found, 

4 | vi i Y y2 % 
wl | ae I; = ul, ; i(G, G7—T,), 
° . - Y v2 a | a ~ 
that is, wl, = Wris(G, G—T,—T)). (5.1) 
The function G,,G?—I.,—T;, which depends only on the two globes 
and not on the systems of reference, is the mutual power of the 
globes, and we may say simply that 
(5.2) The mutual power of the globes (u"), (¢,) ws u’l,/a0,,44- 
If the second globe is defined by the point (v"), we have 
Cows = G,, v*/8, 
for all values of 7, and therefore 
RS Tho 7 j 0 77 ; WT) 70 ras laG 

(5.3) The mutual power of the globes (u"), (v") ts a,,u"v®/a0. 

If the first globe is defined by the prime (7,), the substitution takes 
the reverse form w"/i = a"’y,/n,.,, and 

(5.4) The mutual power of the globes (n,), (f,) 18 a8, C./n4a Sn41- 
The coefficients a”* are, of course, formed from the complete set of 
coefficients of the base quadric as defined in (1.3), not from the 
squares A, A? alone. Since the self-power of the globe [G, T'] is —2T, 
the evaluations of I, and I), in (4.5) and (4.7) are particular cases of 
(5.3) and (5.4). 
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6. Correspondence with the points of S, implies that globes in 
S\,_, fall into families with the same formal relations of inclusion and 
dependence as the flat sub-spaces of S,, and (5.2) enables us to 
describe the constitution of these families in terms of mutual rela- 
tions between globes. In S,, a prime consists of all the points which 
are conjugate for the quadric K to some one point, the pole of the 
particular prime. An S,_,, is the space common to p linearly inde- 
pendent primes, and consists of all the points which are conjugate 
simultaneously to their poles. A point which is conjugate to p 
linearly independent points is conjugate to every point in the S,_, 
which these points determine, and with reference to the quadric the 
flat sub-spaces of S, are in conjugate pairs, complementary in dimen- 
sions; S,, S, are conjugate if every point in one is conjugate to every 
point in the other; if also g+-r = n—1, each sub-space is determined 
uniquely by the other, and the complementary pair is determined by 
any set of linearly independent points which determines one of the 
two sub-spaces. In particular, the aggregate of points conjugate to 
two points V,, V, constitutes a sub-space S,,_,, the intersection of the 
polars of V,, %, and the points which are conjugate to all the points 
in this sub-space compose the line ¥,. Having recognized the line 
in this way, we can build the flat spaces of higher dimensions from 
the line instead of regarding each space as generated by the relation 
of conjugacy to a set of points in the complementary space. 

It follows at once from (5.2) that the condition for the points in 
S,, which represent the globes [@, I], [H, A] to be conjugate for the 
base quadric is that the mutual power of the globes is zero. If 
the globes are actual and if n > 2, this condition, GH? = [+-A, 
expresses that the globes cut at right angles; we can therefore say 
consistently that two globes are orthogonal if their mutual power is 
zero. (If n = 2, the space S,_, is a line, and the globe, if actual, 
is a pair of points; the power of two pairs vanishes if the pairs are 
harmonic to each other.) 

It is not worth while to do more than translate one or two 
theorems. If A, B are any two globes in a flat space of n—1 dimen- 
sions, the globes orthogonal to them both compose an (n—2)-fold of 
globes, and the globes orthogonal to every member of this (n—2)-fold 
compose the linear set or pencil of globes determined by A and B. 
Two globes determine one and only one pencil, and, if C and D 
belong to the pencil determined by A and B, then A and B belong 
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to the pencil determined by C and D. If A, B, C do not belong to 
one pencil, any pencil which includes a globe belonging to the pencil 
AB and a globe belonging to the pencil AC includes also a globe 
belonging to the pencil BC; the aggregate of members of pencils 
which intersect two intersecting pencils AB, AC is the global 
plane ABC. 

An alternative definition of the linear set of globes is implicit in 
(5.2). If (w”), (v"), (w) are collinear in S,, there are constants h’, k’ 
such that w” = h’u’+-k’v" for all values of r. Hence, if (f,) is any 
globe, Tp a wth 0, We My + h'O. Myy 

su (h’G+k’b)C, 4, Wai+k'b 
That is, there are constants h, k, independent of the globe ({,), 
such that . WT ¢+-kI yg 
a b+E 

As a point aggregate, the globe (w”) consists of the centres of null 
globes orthogonal to (w”), and, if the globe ¢ is the null globe | P, 0], 
the powers II,,;, II, become the powers G,, P?—T.,, G,, P?—T, of the 
point P for the globes [G@,,T,], [@,. T,]. 

(6.2) An actual globe collinear with two globes [G,T], [H,A] is the 


(6.1) 


aggregate of points P for which the powers GP?—T, HP?—A satisfy 
a homogeneous linear relation. 


More generally, 
(6.3) An actual globe belonging to the linear complex determined by 
p globes [G,,1T,], [@, T],..., [@,, 0, | as the aggregate of points satisfying 
an equation 
k,(G, P?—T,)+k,(@, P?—T,)+...+k,(@, P?—[,) = 0. 
We escape from the restriction to actual globes as before by 
replacing the equation by a functional equivalence: 

(6.4) The globe |G, T| belongs to the complex determined by p globes 
[G,, 1], [@., D2 ],-.., [@,, 0] af there are constants ky, ky,..., ky, k such that 
k,(@, P?—T,)+k,(G@, P?—T,)+...+k,(@, P?—D,) = @P?—T) 

identically, for all positions of P. 
Transforming the sum ¥k,,(G,, P?—T,,,) as before, we conclude that 
kis > k,,, that G is the mean centre of loads k,, at G,,, for m = 1, 2,..., 
p, and that [ is given by 

—T = >k,,(G,,G2—[,,)/k. (6.5) 
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Hence G belongs to the flat sub-space which contains G,, G,..., G); 
conversely, if G is any point of this sub-space, the barycentric 
coordinates of G with reference to G,, G,..., G, have determinate 
ratios, and substituted in (6.5), give a unique value of [ to be 
associated with G. 

(6.6) The centres of the globes which compose the complex determined 
by p linearly independent globes form the flat space of dimensions p—1 
containing the centres of these p globes, and each point of this space is 
the centre of one and only one member of the complex. 

7. Let a globe [G, T'] in S,_, be represented in S,, by the point O. 
A point B in S,,_,, regarded as a null globe, is represented by a point 
U on the base quadric, and the line OU cuts the base quadric again 
in a point V which represents a point C in S,_,. Incorporating the 
fundamental property of the globes associated with collinear points, 
we infer that 

(7.1) All the globes which are orthogonal to a given globe and pass 
through one fixed point pass through a second fixed point also. 

Two points related in this way to a globe are said to be inverse with 
respect to the globe. 

Translating the relation of collinearity differently, we may say 
that A, B are points such that, for all positions of P, 


h.AP?+k. BP? = (h+k)(GP2—P), (7.2) 


where h, k are independent of P. As a special case of (6.6), A, B, G 
are collinear, and then 


BG.AP?+GA.BP?+AB.GP? = —BG.GA.AB, 


that is, GB.AP?4+-AG. BP? = AB(GP?—GA.GB). 
The identity (7.2) must be equivalent to this, and therefore 

(7.3) The inverse of A in [G,T| is the point B in the line GA such 
that GA.GB = 1. 

8. As a locus in S,_,, an actual globe [H, A] is the aggregate of 
null globes orthogonal to [H, A]. It follows that as a locus this globe 
is represented in S, by the aggregate of points on the base quadric 
conjugate to the point representing [H,A]. In other words, the 
points of the actual globe are represented by the points of the section 
of the base quadric by a prime. If O represents a globe [G, T°], the 
lines joining O to the points of this section compose a quadric cone 


and cut the base quadric in the points of a second prime section. 
3695.9 x 
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(8.1) The inverse of an actual globe in any globe, actual or virtual, 
is an actual globe. 

In S,, let O, U represent the two globes [G, T°], [H, A], of which 
the second is actual, and let A be any point on the section of the 
base quadric by the polar of U. The plane OU A cuts the quadric 
in a conic, and cuts the polar of U in a line which cuts the conic in 
A and in another point B; the lines AO, BO cut the conic again in 
points C, D which represent the inverses in [@,I| of the points 
represented by A, B. Let the lines AB, CD cut in EL, the lines AD, 
BC cut in W, and the tangents to the conic at C, D cut in U,., The 
four points O, W, U, U, are all on the polar of £ for the conic; that 
is, W and U, are on the line OU. Also W is conjugate to O for the 
conic, and is therefore the intersection of the line OU by the prime 
which is the polar of O for the quadric. The pair of lines HAB, ECD 
harmonizes with the pair of lines HO, EW; hence the pair of poles 
U, U, harmonizes with the pair of poles W, O, and, since the points 
U, W, O are independent of the position of A on the section of the 
also is independent of the 


quadric by the polar of U, the point U, 
position of A in this section. But the prime which touches the 
quadric at C passes through U,. Hence U,, identifiable as the har- 
monic of U with respect to O and W on the line OU, is the point 
which represents the globe inverse to | H, A]. 

The construction of U, from U does not require U to be outside 
the base quadric, and we can use this construction provisionally to 
define the inverse of a virtual globe. We proceed to a fundamental 
theorem from which a definition in terms of constructions in S,_, 
follows immediately. 

Let U, V represent two globes orthogonal to each other. The con- 
struction for the points U,, V, can be completed in the plane OUV. 
Let the polar of O for the quadric cut the lines OU, OV in W,, Wy, 
and let the polar of W,, cut the polar of O in Z. Since the four points 
O, Wy, U, U, are collinear, the polars of these points pass through 
E, and, since U and U, harmonize with O and W,,, the lines in which 
the polars of U and U, cut the plane harmonize with the lines in 
which the polars of O and W,, cut the plane. But the polar of U 
contains the point V and therefore cuts the plane in the line ZV, 
the polar of W,, cuts the plane in the line HO, and the polar of O 


cuts the plane in the line EW,,, which is the-line EW,. Thus EV 


and the line in which the polar of U, cuts the plane harmonize with 
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EO and EW,. But V and V, harmonize with O and W,. Hence JV, is 
on the polar of U,,. 


(8.2) If two globes are orthogonal, their inverses in any globe are 
orthogonal also. 


It follows that 


(8.3) If two points are inverse in a globe 5, their inverses in a globe y 
are inverse in the globe 8, 


‘since the inverses of actual globes through A orthogonal to 6 are 
actual globes through A, orthogonal to 6,. 

If A, B are two points on the base quadric, the globes in which 
the corresponding points in S,_, are inverse to each other are repre- 
sented by points on the line AB. Since two lines do not in general 
intersect and in any case cannot have more than one point in com- 
mon, there is not in general a globe in S,_, for which each of two 
pairs of points is an inverse pair, and, if there is one such globe, this 
globe is unique. But we can express (8.3) in the form that 


(8.4) The globe 5, is a globe such that the inverse in y of every pair 
of points inverse for 5 is a pair of points inverse for 8, 


The existence of such a globe being established, the property is a 
defining property in terms of configurations in S,,_,. 
A final step can be taken without further reference to S,,: 


(8.5) If two globes are inverse in a globe 5, their inverses in a globe 
y are inverse in the globe 6,. 


9. The mutual ratios of the n+ 1 coordinates A, are uniquely deter- 
mined by the mutual ratios of any n+1 independent linear com- 
binations uf, A,. If Il, is the power of the variable globe represented 
by the prime (A,) and the fixed globe represented by the point (ué,)), 
and if w, denotes uj, A,, we have 


te ee Uy) IT, An +15 
where %,) is a constant associated with the fixed globe. Hence a globe 
in S,_, is uniquely determined by the mutual ratios of its powers 


with any n+1 linearly independent globes. Thus we have the con- 
ception of multiglobular coordinates. 


(9.1) The multiglobular coordinates of a globe in space of n—1 
dimensions are specified multiples of the powers of the globe with n+-1 
globes of reference; these constitute for the globe an unambiguous 
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homogeneous set of coordinates, redundant only in the sense in which a 
homogeneous set is necessarily redundant. 
As a rule we take the powers themselves as the coordinates, the 
effect of introducing the multipliers being trivial. 

Between n-+-2 homogeneous linear combinations of n+1 variables 
there must be a linear relation. Taking for the linear functions the 
powers of a variable globe ¢ with n+2 globes 8, we infer that there 


are n+2 constants h,, hg,..., h,,,., independent of ¢, such that 

h, II(B, $)+he I1(8, ¢)+-...4 h,, +2 II(B,, +24) = 0. 
The ratios of the constants can be eliminated if we substitute for 
¢ in turn n-+2 globes y,, and therefore, as proved by Frobenius and 
Darboux, 


(9.2) For any 2n-+-4 globes in space of n—1 dimensions the deter- 


minant 
’ I1(B, y,)| (7, 8 


is identically zero. 

If 8, and y, are both identical, for r = 1, 2,..., »+-1, with the globe 
of reference «,, I1(8,y,) becomes the power a,, which is the typical 
constant of the coordinate system, and, if B,,,., y,4. are regarded as 
variable globes ¢, %, the powers I1(8,,,5y,), II(8,y,42), for r = 1, 2,..., 
n-+1, become the absolute power coordinates w,(¢), w,(%) of these 
globes. We have, therefore, for any two globes, 


[ws]  [w,(¢)]| = 9, 
| [as()] ne (9.3) 


and for any one globe, of absolute power coordinates (w,) and radial 


measure I’, , 
: 2\a,.| 0° = 


[as] | w,| 
[w,] 0 

10. The last two formulae express the mutual power and the 
radial measure in terms of powers with globes of reference, but it is 
the powers themselves and not only their ratios which are involved: 
the formulae are not in terms of the homogeneous coordinates. The 
condition for the power or the measure to be zero is, however, 
homogeneous. 

(10.1) The two globes whose multiglobular coordinates are (w;}), (a) 
are orthogonal if , 

J | [a] [a,] = ©, 


\[mz] 0 | 
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(10.2) The globe whose multiglobular coordinates are (w,) is a null 
ea [a] [w,] |= 0. 

[w,] 0 

If a globe is null, any set of coordinates of the globe may be regarded 
as a set of coordinates of the centre; the power of a null globe [ P, 0] 
and another globe y is nothing but the power of the point P for the 
globe y. It follows that a point in S,_, is uniquely determined by 
the ratios of its powers for n+1 globes of reference; the ratios are 
not independent, for the powers are connected by the homogeneous 
quadratic relation (10.2). In other words, 

(10.3) A point in S,_, is determinable by a homogeneous set of n+-1 
multiglobular coordinates; the set is redundant, the coordinates being 
subject to a permanent quadratic relation. 

A linear equation in multiglobular coordinates, if it can be satisfied, 
is the equation of an actual globe; a linear function which is not zero 
for any actual point corresponds nevertheless to a virtual globe. In 
short, much that has been said of homogeneous multipolar co- 
ordinates is true of multiglobular coordinates. Points of S,_, are 
again associated with tangent primes to a quadric in S,, or with the 
points of contact of these primes, but the quadric no longer bears 
a peculiar relation to the points of reference. We may say that the 
correlation between S,,_, and S,, is unaltered; the change is in the 
character of the frames of reference: in S,, the points of reference are 
not restricted to be on the fundamental quadric; in S,_, the globes 
of reference are not restricted to be null. 

In conclusion, we recognize the connexion between multiglobular 
coordinates and inversion. It follows from the constructions in §8 
that inversion in S,_, corresponds to a homography in S,, in which 
the pole and the prime of homography are pole and polar for the 
base quadric, in other words, to a harmonic perspective which trans- 
forms the base quadric into itself. In S,_, inversion is therefore a 
homogeneous linear transformation of multiglobular coordinates in 
which the permanent quadratic relation is unaltered. 








THE GENERAL QUADRIC PRIMAL IN [5] WHICH 
IS AT THE SAME TIME INSCRIBED AND 
CIRCUMSCRIBED TO A GIVEN SIMPLEX 


By V. C. MORTON (Aberystwyth) 
[Received 28 September 1938] 


1. By considering the lines of [3] as represented by the points of 
a quadric in [5], the double-six theorem is equivalent to the result: 
If a non-singular quadric in [5| contains the six vertices of a simplex 
but contains no edge,* and also touches five of its primes, then it must 
touch the sixth. Algebraically the double-six theorem is thus: Given 
a symmetric non-vanishing determinant of order six in which the six 
principal diagonal elements are zero but no others are zero, then, if the 
minors of five of these elements are zero, the sixth must be zero. 

In this note I give a direct proof of the algebraic result by a method 
which enables the general form of such a determinant to be written 
down explicitly in terms of ten parameters. 

2. Let |a;;| = A #0 be a symmetric determinant of order six in 
which a;,; = 0 but no a,;; = 0 (j A“), and in which 


Aj, = Agg = Ags = Agy = Ass = 9, 


ox 


where A,,; is the cofactor of a;;. Then by use of suitable three-line 


determinants of cofactors we obtain the equations 


9 
Aj9Ay5 Aes = M34 M36 Aye A?, 
aes 2 
Aj3 Ay5 Ags = Aq Fog Aye A’, 
/ = 2 
A yy Ags Ags = M43 46 U6 A”, 
S 2 
A 34 Ag5 Ags = A246 M6 A?, 
with six others similarly formed. 
From the conditions laid down on |a;;| it follows that no A,, = 0 
(r #8) for r,s < 5. 
From equations (1) to (4) we derive the equation 
Ajy.Agy _ %2%s4 
AysAyg — % 3.424 
* If the quadric contains an edge, then two supposedly non-intersecting 
lines of the double six intersect. 
+ This result seems to have been first stated by Richmond who, however, 
gives no direct proof. Vide Proc. Cambridge Phil. Soc. 14, 477. 
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and from other groups we get equations analogous to (5) true for all 
groups of four suffixes chosen from 1, 2, 3, 4, 5 and for any division 
into pairs. 


Now, since A,, = 0, there exist five numbers k{?, kQ, kK, k®, kw 
such that 

Aig Ayg KSY +-Agg yg KY +-A1y5 ys KS) +g yg kG) = 0 | 

23 Ay ko Az, 44 k +a, Ay5 kY) +a, Ay, ky == © 

Ogg Ayy KY) +-Agq yg ks? + Ogs O45 kK) +45 Ay, ki? = 0 

Ags Ayo KyY +g Ay3 kG) + igs yg ky? +55 46k, = 0 


(1) (1 (1 1 a 
Ang Dy 9 KY) + gg Ay3 KY +-Oyg yg KY +5601, kL =0 





4 


We thus obtain 
Qk) as ky a 
Aj, Aj; Ay Ais Aj, ” 
and no k® can be zero except possibly ky). 
Similarly, by using the fact that A,, = 0 it can be shown that 
numbers k®?), k, k®, k2, k exist which satisfy five equations (7) 
analogous to (6). Then, as before, we get 


(1) (1) (1 
ayy k§ _ ys ks _ Me ke? 


ay, ki?) __ 93 ky? _ AU k?? _ 45 ky? ee Ang ky? 


, ’ 
A 12 A 23 A 24 A 25 A 26 


and again no k® can be zero except possibly ki. 
By use of equations such as (5) we now get 
kD kk) —_ KD /k@) — kk), 
and, since the coefficients in the first equation of each of (6) and 
(7) are the same, it follows that each ratio is also equal to k/k?. 
In particular, if k® is zero, so also is ki. The second set k® can now 
be chosen so that each ratio is unity. The two sets are now 


KD, kD, KD, kD, kD, 

ki), KD, kD, kD, kD. 
By similar reasoning, using the set k® with k” and then k® with 
k® (r = 2, 3, 4, 5), we find that there are six numbers k,, kg,..., kg 
such that, if 2, 29,..., %} Yy> Yous Ye are any two rows of |a,;|, then 

ky X,Y thy Xa Yat... thet yg = 0. 
Further, k, cannot be zero, for if so we should have 

Ax. = Ax, =— .. = As. = 0 

and A would be zero. So, finally, using the last row with the first 
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five rows in turn and eliminating @,,h,, Gog ko,..., I5.%5, we find that 
Ag, = 0. 

3. By multiplying the rows of the matrix a,; in turn by vkh,, 
Vky,..., Vkg, then the columns in turn by the same numbers and then 
multiplying a;; by a suitable scalar, we obtain an orthogonal matrix 
c;; for which all such equations as (1) are still true and in which now 

Y nhs 1 » 
Ci; mS x Cj;- 
We now write 





Cy9Cy3 Cog = C45 C46 C55 = Atty 
Cy CyqCog = C5 C36 Csg = —AUly 
CyoCy5 Cog = Cgq Cag Cag = —AUsy 
C13 Cy4Cgq = EC 25 C06 C56 —Au, 
Cig Cp Cog = +-Cop Cog Cgg = Ag (8) 
C1415 Cas = Cog Cog Cg = AU 
Cog Cog Cgq = C45 Cig C5g = Ay 
Cog Cog Cgg = C1 4C ig Cag = —Atlg 
Co4Co5 C45 = =hC 13 C16 Cag = Atl 
C34 Cg5Ca5 = 1Cy2 Cig Cog = —AUyy 
6 
if —_ se sa Y, are any two rows of ¢,;, then > x,y, = 0. We 
r=1 


thus obtain fifteen equations of which a typical member is 

» . | . . Ler - 

Cyg Cog Cy4 Coa C15 C05 TC1g Cog = 9, 
which becomes, by use of the first three and last equations of (8), 

9 VI | ; 
Uy + Ue tUsgtUy) = 0. 

The fifteen such equations are consistent only when the negative 
signs* are taken in the second column of (8), and then reduce to 
the five independent equationst 


Ug = —U,+U,+Ust+U,—Us, (9) 
Uq = —UytUgt uy, (10) 
Us = Uy—Uz+U;, (11) 
Uy = Uj —U,+Us, (12) 
Uy = —Uy+Uyt Us. (13) 


* ¢,; is thus an improper orthogonal matrix. 

+ The relations between the numbers wu are those between the ten singular 
solids u, of Segre’s quartic primal V = 0 in [4]. Alternative forms of V are 
given later in this section. 
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All the fifteen relations are, in fact, given by 
Car Cas rs t+Cpr lps Crs t+Cpg “ps ©gstCpg Cpr lar = 9, 
where p, g, r, 8 are any four numbers chosen from 1, 2...., 6. 
By multiplying together the left-hand and right-hand sides of the 
first three and last equations of (8) we get 
— Cc?, = A*U, Ug Uz Uy; 
where C is the product of all the ten c,, for which r,s < 5. Similarly, 
we obtain 
— Ochs = Muy Uy Us Uy, —Cety = Muy Uy tg tts, —Cefs = AYUs Us Ue Uz, 
— Ccz, = A*uy Ug Uz Ug, —Cc8, = A*Uy Us Uz Uy, —Cc3, = A*tUg Uy Ug Uy, 
— C2, = Atty Ug Uz Uyy, — CZ, = A*Ug Uy Ug Uyo, —CoZ, = A*U, We Uy Uyo- 
Also from the sixth and last two equations of (8) we get 
(Cie C12€13)/Cog = (Ally Uy9)/Ug, 


Uo U 
Us M102 
Uy Ug 


and so e, = 
Thus —Cc?, = Atuz Ug Ug U9, and similarly 
— Cex, = AXUy Us Ug Up, — Ceci, = A*uUy Uz Ug Uy, 
— Cc2, = A*u, Us Us Ug, — Cez, = A*U, Uy Uy Uy. 
By use of equations (9) to (13) it is easy to show that 
Uy Ug Ug Ug + Uy Ug Us Ug + Ug Ug Ug Ug+ Ug Us Ug U7 + Uz Ug Ug Uyy 
= Uy Ug Uz Uj + Uy Ug Uz Ugt Ug Us Uz Ug +Uzg Ug Ug Ug +Ug Us Ug Uyo 
= Uy Ug Us Ug Uy Ug Uz Ug + Ug Ug Uz Uzy + Ug Us Ug Uyy + Ug Ug Ug Uy 
= Uy Ug Ug Ugt Ug Us Uz Ug + Ug Ug Uz Ujyy Uy Ug Ug Ujq + Uy Uz Us Ug 
= Ug Us Ug Uz + Ug Ug Ug Ug + Ug Us Ug Ujy + Uy Ug Ug Uyy + Uy Ug Uy Uz 
= Uz Ug Uy Uyo + Ug Us Ue Uy + Ug Ug Ug Ug + Uy Ug Us Ug Uy Uy Uy Uy 
= ur uz+ uz uz+ uz uzZ+ Wu Uy Uy Us— 2U, Ug Ug Ug + 2Uy Uy Us Ue 


=. 


Thus, since ¢;; is orthogonal, we get cf, = (wu Uz Us Uyy)/V, ete.* 

The alternative signs for c;; can now be chosen in any way so long 
as equations (9) to (13) are satisfied after taking products of pairs 
of row elements. 


* The number A is, in fact, (t4; tg... Uy9)*V—*. 
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One such choice gives the orthogonal matrix to be 

r «(«O, (12310), (1459), (2468), (3567), (78910) 7 
(123 10)’, 0, (1678), —(2579)’, —(3489)’, (45610) 
(1459), (1678)’, 0, —(34710)’, (25810), —(2369)’ 
(2468), —(2579)’, —(34710)’, 0, (16910), (1358) 
(3567), —(3489)’, (25810), (16910)’, 0, —(1247)' 

it (78910), (45610)’, —(2369)’, (1358), —(1247)’, 0, 4 

(14) 








, 


where (pqrs)’ is written for (u,, u,u,u,)*/V?. 

If we take the positive sign with V! and so ignore reversal of sign 
of every element, the complete solution is given by the operations of 
the group £, G, G,,..., G, wpon the above matrix, where G, is the 
operation of changing the signs of the elements of row r and then 


of column r. There are thirty-two such operations. 


4. The general symmetric zero-axial matrix A of order six in 


which the six principal diagonal minor determinants are also zero 


is thus Br. (15) 


where I is the general diagonal matrix with diagonal y,, yo,..., y¢ 
and B is (14) with the accents removed, where now (pgqrs) is written 
for (u,,u,u,u,)'. Thus A contains ten arbitrary parameters. 

So, finally, the general quadric primal in [5| which is at the same 
time inscribed and circumscribed to the simplex of reference is the 
quadric the matrix of whose coefficients is (15). Its equation con- 
tains nine arbitrary parameters. If the parameters u are so chosen 
that V = 0, then the quadric degenerates into a cone with plane 
vertex since the matrix (15) is then of rank three. The oo® vertex 
planes are, in fact, the planes which lie upon all quadrics with respect 
to which the given simplex is self-conjugate.* 

By taking one such quadric for which, say, [ is the unit matrix 
we obtain the well-known representation of an involution of sixteen 
points or planes of [3] by the points of the Segre primal V, the 
involution being given by the alternative signs in the matrix B. 

* The equivalent geometric property is that the six solids through a plane 
upon a quadric primal and the six vertices in turn of a self-conjugate simplex 
lie upon a quadric plane vertex cone, and this is equivalent to the familiar 
property that the six poles of a given plane with respect to six linear com- 
plexes in involution lie upon a conic. 








ON TARRY’S PROBLEM 
By LOO-KENG HUA (Kunming, China) 
[Received 31 May 1938] 
Let M(k) be the least value of s such that the equations 
akt...tar= bb+...4b% (l<h<k) 
and akt14 t@ktl & ptt 45k 
have a solution in integers. In this paper I shall prove that 
’ log $(k+-2 
me) < +0 ett} 
The method used is very elementary and no previous knowledge is 
assumed. * 
Throughout the paper, ¢,, ¢3,... denote positive numbers depending 
on k only. 
Lemma 1. Given any positive H, there exists a set of positive integers 
, a,, (depending only on k, H) such that the product of the principal 
diagonal of the determinant 
Bt Se ee 8 


fh eine a he 


ne Be 
is greater than H times the sum of the absolute values of all the other 
terms in the expansion of the determinant. 
Proof. We prove the lemma by induction. If ¢,(a,,...,a;) denotes 
the product of the principal diagonal minus H times the sum of the 
absolute values of the other terms in the determinant D; (j < &), 


th 5 
_ $;(@,,..-,4;) = a} 1h ;_1(@4,.--, @j_1) —H(ay,...,4;), 


where % is a polynomial of degree j—2 in a,;. Thus, if aj,...,a;_, 
have been chosen to make ¢,_, positive, we can further choose a; so 
large that 4; is positive. But initially ¢, = 1. Thus the induction 
is established. 


* By using a lemma of I. Vinogradoff’s we can obtain clearer information 
about the number of solutions of (1) and (2) with 0 < a4; < P,0 <b < P. 
More precisely, by that method we are able to prove that the number r(P) of 
these solutions satisfies 

¢eP2s—-thk+y) < r(P) < c’ P*8—tkik+)) 


where c and c’ are two numbers depending only on k. 
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Lemma 2. Let X,,..., X;, be integers lying in the intervals 

a,Q < X; < 2a; Q, 
where the a’s are those defined in Lemma 1. Let N be the number of sets 
(X,,...,X,) for which 
X¥+...4X%, XR-14..4Xk-1, ., X,4+..4-X, 
lie in given intervals of lengths 
O(Q**), O(Q**), ..., O(Q), O(1) 

respectively. Then V = O(1) 

Proof. If (X,,...,X;,) and (Xj,...,X,) are two sets satisfying the 
requirements of the lemma, then 


X}—Xj'+... +. XE—Xe = O(9*), 


X,—X,+...+X,—X; = O(1). 
Let Y; = X;—X;. Then we have 
A, Y,+...+A,%, = O(Q*-), 


Aj Y,+...+Apz Y,. — O( - 
where Ay, = X}44-X}+-AX +... + XP. 
Then (ki + 1)(aj QE" < Ay < (ki +1) (24, QE. 


Consider the determinant |A,;\. 
in the principal diagonal divided by the corresponding term of D, is 


The product of the elements 


greater than kl Qk-A+k-2 4241 — BI QUR-D, 
Further, the absolute values of the other terms in the expansion of 
A,,;| are less than Duk fo) (QAM —1) 
times the absolute values of the corresponding terms in D,. By 
Lemma 1, with H = 2!*«-), we have 

|A,;| > c, QHe-», 


Further, 
O(Q*-1) Be . « « Gy | = O(QMe-%). 


O(1) i elt 
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Similarly, Y, = O(1), ..., Y= O(1). 


Thus we have the lemma. 
Let R, be the number of solutions of 


n &k n k 
22M 2 zx (<h<h) (3) 
j=1i=1 j=1i=1 , 
where the x satisfy the conditions 
a, Pa-uK < y,, < 2a, PO-) (i = 1,2,...,b), (4) 


and the x’ satisfy the same conditions. Let R, be the number of 
solutions of the equations 


n k , n k ” 
Tau = D@Ix (I<hA<k-}), 
j=1t=1 j=1t=1 
where the x and ,’ satisfy the same conditions. 
Lemma 3. Ry > ¢, PROUD, 
Proof. Let r(nj,... Me ,) be the number of solutions of the equations 
bY yxb=m (l<h<k—l) 
j=1i=1 
satisfying the conditions (4). Then, evidently, 
Y ... FE r(my,..., Mp) > Cg PRAHA +a 
mM Nk-1 
= ¢, PHU-a-1h)") 
where the summation runs over all possible sets 7,,..., m. By 


Schwarz’s inequality we have 


) 5 wei DY 1 (My,---5 Ma) < — {2 >-- >» 1 2 > Xn (1},..- M1)| 


nm Nk-1 T wall rox ms 
< J {¢ Pl+2+..+k- Ee a > (14,..-5 Mp )}, 
m% Ne-1 
since c; P* << m < 78 P». Thus 
= J LPM» Mr) 
my Nk 
> Cy Prk A-1-Vk)"} ak), 
LEMMA 4. R, = O( Pte -ke+y9}A—-A—-11h0"), 


Proof. From (3) and (4) we have 
k k 
> xh — > xi = OCP") (Lh <b). 
i=1 i=1 
Then, for fixed xj, (¢ = 1...., &), 


ce ky k 
> xiv z Mat, eo Dn 
i=1 i=1 i=1 
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lie in intervals of the lengths 
O(.PkA-1b) O(P& 11 Yk) stay O( PG-b) (5) 
respectively. Since the system of intervals (5) can be divided into 
Pka-1/k) Plk-Q-1/k)— pAd-1/k) P1-a)k 
( Pk-l Pk-2 ‘ilk P l 
systems of intervals of lengths 
O(P*), O(P-2), ..., O(P), O(I), 
by Lemma 2 (with Q = P), the number of systems of x;,; (¢ = 1,..., &) 
is O(. Pk-Ke+D). 
Therefore the number of systems of y;, and x;, (¢ = 1.,..., k) is 
O( Pp A(k+1)) 
Further, for fixed x;;, xj; (lh <i<k; 1<j<JI—1) and x;, 


(l <i < k), we see by (3) and (4) that 
k k k 
DX DMs ~~» Dre 
t=1 t=1 1=1 
lie in intervals of the lengths 
O( PkA-16") OC P&—Da-rh') OL Paley) 


respectively. Since 


= O( Pk-uk+)) 


pra Ik) P&- 1(1—1/k)! Paik! 
O 
P' 


k—-1)0-1/k)"? Pe ~2X1—1/k)**" l 


] saat O( P&E) 


by Lemma 2 (with Q@ = P®-/""), the number of systems 
Xin (1 <1 < &) is O( Pike) 
Therefore, for fixed x;;, xj; (1 <i < k; 1 <j </—1), the number 
of systems of x,, and xj, is 
O( PPek-Me Dia Why"), 
Thus the total number of solutions of (3) with the restriction 
(4) is O( Pte Mk +1) 1HA Ah) + H(A") 
= O( Pi2h—tek+D}A (1 -Uk)"}), 
THEOREM. Jf n > log3(k+1)/{logk—log(k—1)}, then there are 
infinitely many sets of integers satisfying 
n k ; n &k “ . z 
aa M=DDAXM (I<h<k—-}) 
j=1 1 1i=1 


and 








ON TARRY’S PROBLEM 319 
Proof. We consider those x,;; and yx;; satisfying (4). The number 
of solutions of the equations in the theorem is evidently equal to 
Ry— R,.. 
By Lemmas 3 and 4, 
Ri— Ry, > Cy P21") Ak-D)___Q( Pte? e+ DVLA) 
>t, P2kea—-A-1Yk)"}—4k(k-1) 
for sufficiently large P, since 


log 3(k+-1) 
log k—log(k—1)° 


Hence the theorem follows immediately. 
Replacing k by k+-1 in the theorem, we have consequently 


1/}). 6 
mo < ose) 


This asserts that lim vai ai <1. 
k+o k? log k 


In what follows I shall indicate a method of improving the constant 
on the right-hand side, but I am unable to obtain anything better 


than that M(k) a O(k? log k). 
Let k = 2l—1 be an odd integer. Let J(/) be the least integer s 


for which P 8 
xP = dx &=1....,l—1) 
i=1 i=1 


n> 


s Ss 
and > x7 # > x2 
i=1 i=1 
is solvable. By the same method as before, we can show that 


log }(/+-1) 
JMS Wt ett | 


Evidently, if 
azht az — b+ ...4+b2% (l<h<l—1), 
att... a2 + b#-+...+-b2, 

then 


8 


D> {(v+a,)'+ (x—a,)} = S (@+by+ (eb) (l<t#< 2-1) 


i=1 


s 


Sep a)*+(e—a)%} AY (@+d)"+ (eb). 


i=1 
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Thus we have 


~~ [log 1—log(I—1 


: log }(k+-3) ‘ 
< (k+1 +1] ~ dklogk. 
SG N ieee) ate L) ili 


1 1 


The other method is the reconsideration of the ‘tails’ of (3), i.e 


the parts corresponding to y;, and x;,. Such a method will sharpen 
the result by subtracting a number ( > $4). 


Remarks. 1. For k > 15, the result here given is better than E. M. 
Wright’s result that, if k > 12, then 
Tk(k—11)(k+! 
M(k) < 7k(k Mh 3) 
216 


2. The theorem holds good, if we make the restriction that the 
a and b are primes. , 
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